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A DUALITY BETWEEN NON-COMPACT SEMISIMPLE
SYMMETRIC PAIRS AND COMMUTATIVE COMPACT
SEMISIMPLE SYMMETRIC TRIADS AND ITS
GENERAL THEORY
KURANDO BABA, OSAMU IKAWA, ATSUMU SASAKI
Abstract. The present paper investigates a natural generaliza-
tion of the duality between Riemannian symmetric pairs of com-
pact type and those of non-compact type a` la E´. Cartan. The main
result of this paper is to construct an explicit description of a one-
to-one correspondence between non-compact pseudo-Riemannian
semisimple symmetric pairs and commutative compact semisimple
symmetric triads, which is called the duality theorem. Further, we
develop a general theory of the duality theorem.
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1. Introduction
In Riemannian geometry, it is a well-known fact due to E´. Car-
tan that there is a one-to-one correspondence between the set of non-
compact Riemannian symmetric spaces and the set of locally isomor-
phism classes of compact Riemannian symmetric spaces. This means
that there exists a one-to-one correspondence between the set of Rie-
mannian symmetric pairs of non-compact type and that of compact
type on the Lie algebra level. This correspondence is usually called the
duality for Riemannian symmetric pairs. The aim of this paper is to
give a one-to-one correspondence between
non-compact semisimple symmetric pairs
and
commutative compact semisimple symmetric triads
as a natural generalization of the duality for Riemannian symmetric
pairs (see Theorem 3.6 for its description) and develop its general the-
ory. We say that this correspondence is the duality theorem.
One of our motivations for the study on the duality theorem is to in-
vestigate the geometry of isometric group actions on pseudo-Riemannian
symmetric spaces. In fact, the action of a maximal compact subgroup
K of the isometry group G of a non-compact pseudo-Riemannian sym-
metric space G/H corresponds to the K-action on the compact Rie-
mannian symmetric space Gu/Hu as an extension of the duality the-
orem. Thanks to this perspective, we can show in [1, Proposition 2]
that each orbit for the K-action on G/H is a pseudo-Riemannian sub-
manifold and this action admits a flat totally geodesic submanifold as
a cross-section. These properties could be interpreted that they corre-
spond to the properties that each orbit for the K-action on Gu/Hu is
a Riemannian submanifold and this admits a flat totally geodesic sub-
manifold as a cross-section. Furthermore, we can investigate precisely
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geometric properties of each orbit for the K-action on G/H via the
duality theorem. For example, we will specify all totally geodesic or-
bits for this action in the forthcoming paper [3]. We note that there is
literature on the study of Lie group actions on Riemannian symmetric
spaces using the duality a` la Cartan (see [17, 18]).
Another motivation of our work is that our duality theorem plays a
crucial role to study calibrated geometry. Harvey–Lawson, who have
introduced the notion of calibrations on Riemannian manifolds [9],
constructed calibrations using various geometric structures for some
Riemannian manifolds. On the other hand, Mealy, who has intro-
duced the notion of calibrations on pseudo-Riemannian manifolds [21],
constructed calibrations using various geometric structures for some
pseudo-Riemannian manifolds. Due to our duality theorem, we can
understand the relationship between the calibrations on Riemannian
manifolds and those on pseudo-Riemannian manifolds. Namely, we
can regard the calibration on a Riemannian manifold given explicitly
by Harvey–Lawson as an element of the space of functions on a certain
compact symmetric space which are invariant under the action of the
Lie group preserving some geometric structures, and the calibration on
a pseudo-Riemannian manifold given explicitly by Mealy as an element
of the space of functions on a certain pseudo-Riemannian symmetric
space which are invariant under the action of the Lie group preserving
some geometric structures, and then our duality theorem gives rise to
a correspondence between two spaces of functions.
Now, let us give a quick review on this paper as follows. A non-
compact semisimple symmetric pair is a pair (g0, σ) which consists of
a non-compact real semisimple Lie algebra g0 and an automorphism
σ on g0 satisfying σ
2 = id, that is, an involutive automorphism. If σ
coincides with a Cartan involution θ of g0, the pair (g0, θ) is usually
said to be a non-compact Riemannian symmetric pair. On the other
hand, a commutative compact semisimple symmetric triad is a triplet
(g, θ1, θ2) with a compact semisimple Lie algebra g and two involutive
automorphisms θ1, θ2 on g satisfying θ1θ2 = θ2θ1. Clearly, (g, θ, θ) is
a commutative compact semisimple symmetric triad for any involutive
automorphism θ, and it seems to be a compact Riemannian symmetric
pair (g, θ).
The present paper provides an explicit description of a one-to-one
correspondence between the set of equivalence classes in non-compact
semisimple symmetric pairs and the set of equivalence classes in com-
mutative compact semisimple symmetric triads (the duality theorem,
Theorem 3.6). If (g0, σ) corresponds to (g, θ1, θ2) via our duality theo-
rem, we shall call (g, θ1, θ2) (resp. (g0, σ)) the dual of (g0, σ) (resp.
(g, θ1, θ2)) and use the notation (g, θ1, θ2) = (g0, σ)
∗ and (g0, σ) =
(g, θ1, θ2)
∗ (see Notation 3.7).
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Our duality theorem might be a natural generalization of the du-
ality for Riemannian symmetric pairs. Namely, when σ is a Cartan
involution θ of g0, the corresponding commutative compact semisimple
symmetric triad is (g, θ, θ) and then essentially the same as a com-
pact Riemannian symmetric pair (g, θ). Our perspective is explained
in Section 3.5.
We would emphasize that our duality theorem is compatible with the
fundamental properties on non-compact semisimple symmetric pairs
and with those on commutative compact semisimple symmetric triads.
First, there is a notion of the associated symmetric pair (g0, σ)
a
(Definition 2.4) and the dual symmetric pair (g0, σ)
d (Definition 2.7)
of a non-compact semisimple symmetric pair (g0, σ), whereas, there
is a notion of the associated symmetric triad (g, θ1, θ2)
a (Definition
2.12) and the dual symmetric triad (g, θ1, θ2)
d (Definition 2.13) of a
commutative compact semisimple symmetric triad (g, θ1, θ2). Then,
our duality theorem satisfies the compatible conditions on these notions
in the sense of Propositions 3.11 and 3.12. For example, the dual of
(g0, σ)
a, denoted by (g0, σ)
a∗, equals the associated symmetric triad of
(g0, σ)
∗, denoted by (g0, σ)∗a.
Second, our duality theorem preserves the property of irreducibil-
ity, namely, an irreducible non-compact semisimple symmetric pair
(Definition 4.1) corresponds to an irreducible commutative compact
semisimple symmetric triad (Definition 4.9) and vice versa (see Theo-
rem 4.16). Further, any irreducible non-compact semisimple symmetric
pair belongs to either a non-compact simple symmetric pair without
complex structures or one of four subclasses (we shall use the labels
(P-a)–(P-d), see Corollary 4.8), and any irreducible commutative com-
pact semisimple symmetric triad belongs to either a compact simple
symmetric triad or one of four subclasses (the labels (T-a)–(T-d), see
Proposition 4.11). Then, our duality theorem induces a one-to-one
correspondence between non-compact simple symmetric pairs without
complex structures and commutative compact simple symmetric triads
(see Proposition 4.17) and that between the subclasses (P-a)–(P-d) and
the subclasses (T-a)–(T-d) (see Theorem 4.18). We remark that our
definition for (g0, σ) to be irreducible might be different from the def-
inition given by [23, p.435]. The properness of our definition and the
comparison of two definitions are explained in Section 5 as an appendix.
Third, we provide a new characterization for a non-compact semisim-
ple symmetric pair (g0, σ) to be of type Kε (see [14, Proposition 2.1],
also Definition 4.32) by the corresponding commutative compact semisim-
ple symmetric triad (g, θ1, θ2) = (g0, σ)
∗ via our duality theorem, namely,
θ1 is conjugate to θ2 by inner automorphisms (see Theorem 4.44).
Here is a remark that we can offer an alternative proof for the classifi-
cation of non-compact semisimple symmetric pairs, of which a concrete
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description was given by Berger [4], from the viewpoint that any non-
compact semisimple symmetric pair is the dual of some commutative
compact semisimple symmetric triad. An explicit correspondence has
been given in [1, Table 1]. The significance of our proof is to bring
the classification of compact semisimple symmetric pairs ([10, Table V
in p.518]) to the classification of non-compact semisimple symmetric
pairs ([4, Tableau II in pp.157–161]). For details, we refer to the next
paper [2], and we summarize the mechanism of our idea as follows. The
classification of compact semisimple symmetric triads is gained in view
of compact semisimple symmetric pairs. Further, the classification of
non-compact semisimple symmetric pairs is derived from the former via
the duality theorem. What bridges between the classification of com-
pact semisimple symmetric triads and that of non-compact semisimple
symmetric pairs is the notion of symmetric triads with multiplicities
whose classification is accomplished by the second author (cf. [12]).
We note that we find another approach to Berger’s classification by
Helminck [11], however in a completely different way.
From this kind of circumstances, this paper is the foundation of the
studies mentioned above.
2. Preliminaries
This section provides a quick review on non-compact semisimple
symmetric pairs and commutative compact semisimple symmetric tri-
ads. We refer to the references [4, 5, 12], for example.
2.1. Pseudo-Riemannian semisimple symmetric pair. We begin
with a summary on non-compact semisimple symmetric pairs.
Let g0 be a non-compact real semisimple Lie algebra. Suppose we
are given an involutive automorphism (involution, for short) σ on g0.
The pair (g0, σ) is called a non-compact semisimple symmetric pair.
We denote by gσ0 := {X ∈ g0 : σ(X) = X} the fixed point set of σ
in g0. Then, g
σ
0 is a subalgebra of g0. We note that g
σ
0 is a maximal
compact subalgebra if and only if σ is a Cartan involution of g0. In this
paper, we say that a non-compact semisimple symmetric pair (g0, σ) is
Riemannian if σ is a Cartan involution of g0, and pseudo-Riemannian
semisimple symmetric pair if not.
The terminology of non-compact (pseudo-)Riemannian semisimple
symmetric pairs comes from the corresponding (pseudo-)Riemannian
symmetric spaces in the sense as follows. Let G be a non-compact con-
nected real semisimple Lie group with finite center whose Lie algebra is
g0. For a Cartan involution θ of G, the fixed point set K = G
θ := {g ∈
G : θ(g) = g} is a maximal compact subgroup of G ([10, Chap. VI,
Theorem 1.1]), and then G/K has a structure of a Riemannian sym-
metric space of non-compact type. On the other hand, for a non-trivial
involution σ which is different from Cartan involutions of G, the fixed
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point set H := Gσ is non-compact. Then, G/H has a structure of a
pseudo-Riemannian symmetric space.
We introduce an equivalence relation on non-compact semisimple
symmetric pairs as follows. Two non-compact semisimple symmetric
pairs (g0, σ), (g
′
0, σ
′) satisfy (g0, σ) ≡ (g′0, σ′) if there exists a Lie algebra
isomorphism ϕ : g0 → g′0 such that ϕσ = σ′ϕ. Non-compact semisim-
ple symmetric pairs are classified by Berger [4] up to the equivalence
relation.
2.2. Pseudo-Riemannian semisimple symmetric pair equipped
with Cartan involution. Let (g0, σ) be a non-compact semisimple
symmetric pair. It is known by [4] that there exists a Cartan involution
θ of g0 commuting with σ (cf. [15, Theorem 6.16]).
Definition 2.1. We call such a triplet (g0, σ; θ) a non-compact semisim-
ple symmetric pair equipped with a Cartan involution, and say that it is
Riemannian (resp. pseudo-Riemannian) if (g0, σ) is Riemannian (resp.
pseudo-Riemannian).
Two non-compact semisimple symmetric pairs equipped with Cartan
involutions (g0, σ; θ), (g
′
0, σ
′; θ′) satisfy (g0, σ; θ) ≡ (g′0, σ′; θ′) if there
exists a Lie algebra isomorphism ϕ : g0 → g′0 such that ϕσ = σ′ϕ and
ϕθ = θ′ϕ. Clearly, (g0, σ) ≡ (g′0, σ′) holds if (g0, σ; θ) ≡ (g′0, σ′; θ′).
Given a non-compact semisimple symmetric pair equipped with a
Cartan involution, we can construct other ones, namely, the associated
and the dual non-compact semisimple symmetric pairs equipped with
Cartan involutions of it, whose notions are based on those a` la Berger
[4] (see also [23, Definition 1.3]).
Let (g0, σ; θ) be a non-compact semisimple symmetric pair equipped
with a Cartan involution. We set k0 := g
θ
0 and p0 := g
−θ
0 . Then,
g0 = k0 + p0 is the corresponding Cartan decomposition. Similarly, we
put h0 := g
σ
0 and q0 := g
−σ
0 . Then, g0 = h0 + q0 is the σ-eigenspace
decomposition. As θσ = σθ, the Lie algebra g0 is decomposed into the
direct sum as follows:
g0 = k0 ∩ h0 + k0 ∩ q0 + p0 ∩ h0 + p0 ∩ q0.
The commutativity θσ = σθ gives rise to another involution θσ on
g0. Clearly, θσ commutes with θ, from which we obtain another non-
compact semisimple symmetric pair equipped with a Cartan involution
(g0, θσ; θ).
Cartan involutions of g0 commuting with σ are unique up to conju-
gations in the sense as follows.
Fact 2.2 ([19, p.153]). For any two Cartan involutions θ, θ′ of g0 com-
muting with σ, there exists X ∈ gσ0 such that θ′ = eadXθe− adX .
Then, two involutions θσ and θ′σ are conjugate in the following sense:
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Lemma 2.3. Retain the setting of Fact 2.2. Then, we have σeadX =
eadXσ and (θ′σ)eadX = eadX(θσ).
Proof. As σ(X) = X , we have (adX)σ(Y ) = σ(adX)Y for any Y ∈ g0.
This means (adX)σ = σ(adX).
Let us observe the one-parameter transformation group {σet adXσ−1 :
t ∈ R}. Since the following relation holds:
d
dt
σet adXσ−1
∣∣∣∣
t=0
= σ(adX)σ−1 = adX,
we obtain
σet adXσ−1 = et adX .(2.1)
In particular, σeadX = eadXσ. Hence, we obtain
(θ′σ)eadX = θ′eadXσ = eadX(θσ).
Therefore, Lemma 2.3 has been proved. 
Lemma 2.3 explains that (g0, σ; θ) ≡ (g0, σ; θ′) and (g0, θσ; θ) ≡
(g0, θ
′σ; θ′) for any Cartan involutions θ, θ′ of g0 commuting with σ
by the automorphism g0 → g0, Y 7→ eadXY .
Definition 2.4 (cf. [4]). The triplet (g0, θσ; θ) is called the associ-
ated symmetric pair equipped with a Cartan involution of (g0, σ; θ). If
(g0, θσ; θ) ≡ (g0, σ; θ), then (g0, σ; θ) is said to be self-associated.
In this context, we write
(g0, σ; θ)
a := (g0, θσ; θ).(2.2)
Lemma 2.5. If (g0, σ; θ) ≡ (g′0, σ′; θ′), then (g0, σ; θ)a ≡ (g′0, σ′; θ′)a.
Proof. Suppose (g0, σ; θ) ≡ (g′0, σ′; θ′). We take a Lie algebra isomor-
phism ϕ : g0 → g′0 such that ϕσ = σ′ϕ and ϕθ = θ′ϕ. Then, we have
ϕ(θσ) = θ′ϕσ = (θ′σ′)ϕ. This implies (g0, θσ; θ) ≡ (g′0, θ′σ′; θ′). 
Let gC = g0 +
√−1g0 be the complexification of g0. Then, gC is a
complex semisimple Lie algebra and its subalgebra
g := k0 +
√−1p0 = gθ0 +
√−1g−θ0(2.3)
is a compact real form of gC. We denote by µ the complex conjugation
of gC with respect to g. We extend θ and σ to C-linear involutions
on gC which we use the same letters θ and σ to denote, respectively.
Clearly, µ commutes with σ, which gives rise to another involution µσ
on gC. Then, µσ is anti-linear because µ is anti-linear and σ is C-linear.
Hence, we obtain a new real form of gC as follows:
g
µσ
C = k0 ∩ h0 +
√−1(k0 ∩ q0) +
√−1(p0 ∩ h0) + p0 ∩ q0.(2.4)
This gµσC is a non-compact real semisimple Lie algebra if σ is not the
identity map. The restriction of θ to gµσC defines an involution on g
µσ
C .
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We remark that the subalgebra
kd0 := k0 ∩ h0 +
√−1(p0 ∩ h0)(2.5)
is a maximal compact subalgebra of gµσC .
Lemma 2.6. The restriction of σ to gµσC becomes a Cartan involution
of gµσC . In particular, we obtain (g
µσ
C )
σ = kd0.
Lemma 2.6 implies a new non-compact semisimple symmetric pair
equipped with a Cartan involution (gµσC , θ; σ).
For another Cartan involution θ′ of g0 commuting with σ, let µ′ be
the complex conjugation of gC with respect to g
′ := gθ
′
0 +
√−1g−θ′0 .
Then, we obtain a non-compact semisimple symmetric pair equipped
with a Cartan involution (gµ
′σ
C , θ
′; σ). It follows from Fact 2.2 that θ′ =
eadXθe− adX for some X ∈ gσ0 . Then, e− adX defines an isomorphism
from gθ
′
0 to g
θ
0 and that from g
−θ′
0 to g
−θ
0 . Moreover, Lemma 2.3 implies
that e− adX becomes automorphisms on both gσ0 and g
−σ
0 . Hence, g
µ′σ
C
is isomorphic to gµσC via e
− adX and then (gµ
′σ
C , θ
′; σ) ≡ (gµσC , θ; σ).
Definition 2.7 (cf. [4]). The triplet (gµσC , θ; σ) is called the dual sym-
metric pair equipped with a Cartan involution of (g0, σ; θ). Further,
(g0, σ; θ) is said to be self-dual if (g
µσ
C , θ; σ) ≡ (g0, σ; θ) holds.
Hereafter, we write gd0 := g
µσ
C and
(g0, σ; θ)
d := (gd0, θ; σ).(2.6)
Lemma 2.8. If (g0, σ; θ) ≡ (g′0, σ′; θ′), then (g0, σ; θ)d ≡ (g′0, σ′; θ′)d.
Proof. Let ϕ : g0 → g′0 be a Lie algebra isomorphism such that ϕσ =
σ′ϕ and ϕθ = θ′ϕ. We extend ϕ to a C-linear isomorphism from
gC = g0+
√−1g0 to g′C = g′0+
√−1g′0. Let µ be the complex conjugation
of gC with respect to g := g
θ
0+
√−1g−θ0 and µ′ be that of g′C with respect
to g′ := (g′0)
θ′ +
√−1(g′0)−θ′. As ϕθ = θ′ϕ, we have ϕ(g±θ0 ) = (g′0)±θ′ .
This implies that ϕ(g±µC ) = (g
′
C)
±µ′. Thus, we obtain ϕµ = µ′ϕ, from
which ϕ(µσ) = (µ′σ′)ϕ. Hence, we have verified that ϕ : gµσC → (g′C)µ
′σ′
is a Lie algebra isomorphism satisfying ϕσ = σ′ϕ and ϕθ = θ′ϕ. As
gd0 = g
µσ
C , we conclude (g
d
0, θ; σ) ≡ ((g′0)d, θ′; σ′). 
Now, let us give some examples of non-compact semisimple symmet-
ric pairs equipped with Cartan involutions. In the following, we will
use the notation as follows. Let Im be the unit matrix of degree m and
Jm =
(
O −Im
Im O
)
∈M(2m,R).(2.7)
For positive integers m,n, we write
Im,n :=
(
Im O
O −In
)
∈M(m+ n,R)(2.8)
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and
Jm,n :=
(
Jm O
O Jn
)
∈ M(2m+ 2n,R).(2.9)
Example 2.9. For positive integers p, q, let (g0, σ) be a non-compact
semisimple symmetric pair as g0 = so(2p, 2q) := {X ∈M(2p+ 2q,R) :
tXI2p,2q + I2p,2qX = O} and σ(X) := Jp,qXJ−1p,q (X ∈ g0). Here, tX
denotes the transposed matrix of X .
The non-compact real simple Lie algebra so(2p, 2q) is of the form
so(2p, 2q) =
{(
A B
tB D
)
:
A ∈ so(2p), D ∈ so(2q),
B ∈M(2p, 2q ;R)
}
(2.10)
where so(m) := {X ∈M(m,R) : tX = −X} is a compact Lie algebra.
In this case, the fixed point set gσ0 is given by
gσ0 =




A1 −A2 B1 −B2
A2 A1 B2 B1
tB1
tB2 D1 −D2
−tB2 tB1 D2 D1

 :
A1 ∈ so(p), A2 ∈ Sym(p,R),
D1 ∈ so(q), D2 ∈ Sym(q,R),
B1, B2 ∈M(p, q ;R)


where Sym(m,R) := {X ∈ M(m,R) : tX = X} is a vector space over
R. Then, gσ0 is isomorphic to the non-compact reductive Lie algebra
u(p, q) := {X ∈ M(p + q,C) : tXIp,q + Ip,qX = O} by the Lie algebra
isomorphism gσ0
∼→ u(p, q) given by

A1 −A2 B1 −B2
A2 A1 B2 B1
tB1
tB2 D1 −D2
−tB2 tB1 D2 D1

 7→
(
A1 +
√−1A2 B1 +
√−1B2
tB1 −
√−1 tB2 D1 +
√−1D2
)
.
We take an involution θ on g0 as θ(X) = I2p,2qXI2p,2q (X ∈ g0).
Then, the fixed point set gθ0 is of the form
gθ0 =
{(
A O
O B
)
: A ∈ so(2p), B ∈ so(2q)
}
.(2.11)
This implies that gθ0 = so(2p)+so(2q) is a maximal compact subalgebra
of g0, and then θ is a Cartan involution of g0. As I2p,2qJp,q = Jp,qI2p,2q,
the Cartan involution θ commutes with σ. Hence, (g0, σ; θ) is a non-
compact semisimple symmetric pair equipped with a Cartan involution.
The next example uses the matrix J ′2p defined by
J ′2p :=
(
O I2p
I2p O
)
.(2.12)
Example 2.10. Let p be a positive integer. We set g0 := so(2p, 2p)
and an involution σ on g0 as σ(X) = J
′
2pXJ
′
2p (X ∈ g0). Under the
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realization of so(2p, 2p) as in (2.10), the fixed point set gσ0 forms
gσ0 =
{(
A B
B A
)
: A ∈ so(2p), B ∈ Sym(2p,R)
}
.(2.13)
This is isomorphic to gl(2p,R) by Lie algebra isomorphism
ι : gσ0
∼→ gl(2p,R),
(
A B
B A
)
7→A +B.(2.14)
We take an involution θ on g0 as θ(X) = I2p,2pXI2p,2p (X ∈ g0).
Then, θ is a Cartan involution of g0 and (g0, σ; θ) is a non-compact
semisimple symmetric pair equipped with a Cartan involution.
Here, let us compare the non-compact semisimple symmetric pair
equipped with a Cartan involution (g0, σ1; θ) discussed in Example
2.9 in case of p = q with (g0, σ2; θ) in Example 2.10. Namely, g0 =
so(2p, 2p), θ(X) = I2p,2pXI2p,2p and σ1(X) = Jp,pXJ
−1
p,p , σ2(X) =
J2pXJ
−1
2p (X ∈ g0). We will focus on two fixed point sets gσ10 and
gσ20 . Then, g
σ1
0 is isomorphic to u(p, p) and g
σ2
0 to gl(2p,R). If p ≥ 2,
then u(p, p) is not isomorphic to gl(2p,R), from which (g0, σ1; θ) 6≡
(g0, σ2; θ). In the special case p = 1, u(1, 1) is isomorphic to gl(2,R),
nevertheless, (so(2, 2), σ1; θ) is not equivalent to (so(2, 2), σ2; θ). In-
deed, the center of u(1, 1) is contained in gθ0, whereas, the center of
gl(2,R) is contained in g−θ0 .
2.3. Compact semisimple symmetric triad. In this subsection, we
give a brief summary on compact semisimple symmetric triads whose
definition is given in the following.
Definition 2.11. A triplet (g, θ1, θ2) of a compact semisimple Lie al-
gebra g and two involutions θ1, θ2 on g is called a compact semisimple
symmetric triad. Further, (g, θ1, θ2) is commutative if θ1θ2 = θ2θ1.
In a special case where θ1 coincides with θ2, a compact semisimple
symmetric triad (g, θ1, θ1) means a compact semisimple symmetric pair
(g, θ1). We shall sometimes identify (g, θ1, θ1) with (g, θ1) which will
be treated again in Section 3.5.
Two compact semisimple symmetric triads (g, θ1, θ2), (g
′, θ′1, θ
′
2) are
equivalent, denoted by (g, θ1, θ2) ≡ (g′, θ′1, θ′2), if there exists a Lie
algebra isomorphism ψ : g → g′ such that two equalities ψθ1 = θ′1ψ,
ψθ2 = θ
′
2ψ hold. This notion defines an equivalence relation on the set
of compact semisimple symmetric triads. Further, this is compatible
with the commutativity, namely, if (g, θ1, θ2) ≡ (g, θ′1, θ′2) and θ1θ2 =
θ2θ1, then θ
′
1θ
′
2 = θ
′
2θ
′
1 holds.
We notice that compact semisimple symmetric triads may not be
always commutative. In fact, Matsuki [20, Remark 1.2] has pointed
out that no pair (θ1, θ2) of involutions on g = so(2n) satisfying g
θ1 ≃
so(2p + 1) + so(2n − 2p− 1) and gθ2 ≃ u(n) with 2p + 1 < n satisfies
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θ1θ2 = θ2θ1. In the argument of this paper, we will always consider
compact semisimple symmetric triads (g, θ1, θ2) with θ1θ2 = θ2θ1.
Let (g, θ1, θ2) be a commutative compact semisimple symmetric triad.
Then, θ1θ2 is another involution on g. Obviously, θ1θ2 commutes with
θ1 and θ2. Thus, we obtain a new commutative compact semisimple
symmetric triad (g, θ1, θ1θ2).
Definition 2.12. We say that (g, θ1, θ1θ2) is the associated compact
symmetric triad of (g, θ1, θ2). Further, (g, θ1, θ2) is self-associated if
(g, θ1, θ1θ2) ≡ (g, θ1, θ2).
We write
(g, θ1, θ2)
a := (g, θ1, θ1θ2).
The fixed point set gθ1θ2 is expressed as follows. We set ki := g
θi and
pi := g
−θi (i = 1, 2). Since θ1θ2 = θ2θ1, we decompose g into as follows
g = k1 ∩ k2 + k1 ∩ p2 + p1 ∩ k2 + p1 ∩ p2.(2.15)
Hence, we obtain
gθ1θ2 = k1 ∩ k2 + p1 ∩ p2.(2.16)
It is natural to regard that two compact semisimple symmetric triads
(g, θ1, θ2) and (g, θ2, θ1) are the same. However, we shall distinguish
them in the sense as follows:
Definition 2.13. We say that (g, θ2, θ1) is the dual compact symmet-
ric triad of (g, θ1, θ2). Further, (g, θ1, θ2) is self-dual if (g, θ2, θ1) ≡
(g, θ1, θ2).
We write
(g, θ1, θ2)
d := (g, θ2, θ1).(2.17)
A direct computation shows that (g, θ1, θ2)
ada = (g, θ1, θ2)
dad.
Example 2.14. Let p, q be positive integers. We take a compact
semisimple Lie algebra g as so(2p + 2q) = {X ∈ M(2p + 2q,R) :
tX = −X} and two involutions θ1, θ2 on g as θ1(X) = I2p,2qXI2p,2q
and θ2(X) = Jp,qXJ
−1
p,q (X ∈ g). Here, two matrices I2p,2q and Jp,q are
given by (2.8) and (2.9), respectively. Then, (g, θ1, θ2) is a commutative
compact semisimple symmetric triad.
The fixed point set gθ1 is of the form
gθ1 =
{(
A O
O D
)
: A,D ∈ so(2p)
}
= so(2p) + so(2p).(2.18)
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and gθ2 is described as follows
gθ2 =




A1 −A2 −B1 B2
A2 A1 −B2 −B1
tB1
tB2 D1 −D2
−tB2 tB1 D2 D1

 :
A1 ∈ so(p), A2 ∈ Sym(p,R),
D1 ∈ so(q), D2 ∈ Sym(q,R),
B1, B2 ∈M(p, q ;R).

 .
(2.19)
Then, gθ2 is isomorphic to the compact reductive Lie algebra u(p +
q) = {X ∈ M(p + q,C) : tX = −X} by the Lie algebra isomorphism
gθ2
∼→ u(p+ q) given by

A1 −A2 −B1 B2
A2 A1 −B2 −B1
tB1
tB2 D1 −D2
−tB2 tB1 D2 D1

 7→
(
A1 +
√−1A2 −B1 −
√−1B2
tB1 −
√−1 tB2 D1 +
√−1D2
)
.
Example 2.15. For a positive integer p, let g be so(4p) and θ1, θ2 be
two involutions on g defined by θ1(X) = I2p,2pXI2p,2p and θ2(X) =
J2pXJ
−1
2p (X ∈ g). Here, J2p is given by (2.7). Then, (g, θ1, θ2) is a
commutative compact semisimple symmetric triad and gθ1 = so(2p) +
so(2p). The fixed point set gθ2 is
gθ2 =
{(
A −B
B A
)
: A ∈ so(2p), B ∈ Sym(2p,R)
}
.(2.20)
Thus, gθ2 ≃ u(2p) because of the following Lie algebra isomorphism
gθ2
∼→ u(2p),
(
A −B
B A
)
7→ A +√−1B.
Example 2.16. It is noteworthy to mention here the relations be-
tween two commutative compact semisimple symmetric triads treated
in Examples 2.14 and 2.15. Let us consider three involutions θ1, θ2, θ
′
2
on the compact simple Lie algebra g = so(4p) defined by θ1(X) =
I2p,2pXI2p,2p, θ2(X) = Jp,pXJ
−1
p,p , θ
′
2(X) = J2pXJ
−1
2p (X ∈ g). As we
have seen in Examples 2.14 and 2.15, gθ1 = so(2p) + so(2p) and gθ2 ≃
gθ
′
2 ≃ u(2p). Nevertheless, (g, θ1, θ2) is not equivalent to (g, θ1, θ′2).
To see it, we focus on gθ1 ∩ gθ2 and gθ1 ∩ gθ′2 . In view of (2.18) and
(2.19), it turns out that gθ1 ∩ gθ2 ≃ u(p) + u(p), and it follows from
(2.18) and (2.20) that gθ1 ∩ gθ′2 ≃ so(2p). This means that gθ1 ∩ gθ2 is
not isomorphic to gθ1 ∩ gθ′2 . Due to Lemma 2.17 below, we conclude
(g, θ1, θ2) 6≡ (g, θ1, θ′2).
We will here explain Lemma 2.17 used in Example 2.16. This pro-
vides a necessary condition for two commutative compact semisimple
symmetric triads to be equivalent.
Lemma 2.17. If two compact semisimple symmetric triads (g, θ1, θ2),
(g′, θ′1, θ
′
2) are equivalent, then g
θ1 ∩ gθ2 is isomorphic to (g′)θ′1 ∩ (g′)θ′2.
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Proof. We take a Lie algebra isomorphism ϕ : g → g′ such that θ′1 =
ϕθ1ϕ
−1 and θ′2 = ϕθ2ϕ
−1. Then, ϕ induces Lie algebra isomorphisms
from gθ1 to (g′)θ
′
1 and from gθ2 to (g′)θ
′
2 . Since (g′)θ
′
1 ∩ (g′)θ′2 = ϕ(gθ1)∩
ϕ(gθ2) = ϕ(gθ1 ∩ gθ2), the Lie algebra gθ1 ∩ gθ2 must be isomorphic to
(g′)θ
′
1 ∩ (g′)θ′2 . 
3. Duality between non-compact semisimple symmetric
pairs and commutative compact semisimple symmetric
triads
This section is one of the main parts of this paper. Namely, we
construct a one-to-one correspondence between non-compact semisim-
ple symmetric pairs and commutative compact semisimple symmetric
triads.
From now on, we denote by P the set of non-compact semisimple
symmetric pairs, by Pc the set of non-compact semisimple symmetric
pairs equipped with Cartan involutions and by T the set of commuta-
tive compact semisimple symmetric triads. The aim of this section is
to give a bijection between the set P/≡ of equivalence classes in P and
the set T/≡ of equivalence classes in T.
3.1. One-to-one correspondence between Pc/≡ and P/≡. First
of all, we will consider the relation between Pc/≡ and P/≡.
Let p be the projection from Pc to P defined by
p : Pc → P, (g0, σ; θ) 7→ (g0, σ).
Clearly, p(g0, σ; θ) ≡ p(g′0, σ′; θ′) if (g0, σ; θ) ≡ (g′0, σ′; θ′), which gives
rise to the map p˜ from Pc/≡ to P/≡.
Lemma 3.1. The map p˜ : Pc/≡ → P/≡ is bijective.
Proof. The surjectivity of p˜ follows from that of p. Then, let us show
p˜ is injective.
Assume that p˜(g0, σ; θ) ≡ p˜(g′0, σ′; θ′) for (g0, σ; θ), (g′0, σ′; θ′) ∈ Pc,
namely, (g0, σ) ≡ (g′0, σ′). We take a Lie algebra isomorphism ϕ : g0 →
g′0 satisfying ϕσ = σ
′ϕ. We define an involution θ˜ on g0 by θ˜ = ϕ−1θ′ϕ.
Then, θ˜ commutes with σ because
θ˜σ = (ϕ−1θ′ϕ)σ = ϕ−1θ′(σ′ϕ) = ϕ−1(σ′θ′)ϕ = σ(ϕ−1θ′ϕ) = σθ˜.
Further, the fixed point set gθ˜0 is equal to ϕ
−1((g′0)
θ′), equivalently,
ϕ(gθ˜0) = (g
′
0)
θ′. Since ϕ is a Lie algebra isomorphism and (g′0)
θ′ is a
maximal compact subalgebra of g′0, the set g
θ˜
0 is a maximal compact
subalgebra of g0. Hence, θ˜ is also a Cartan involution of g0 with θ˜σ =
σθ˜. It follows from Fact 2.2 that there exists X ∈ gσ0 such that
ϕ−1θ′ϕ = eadXθe− adX .(3.1)
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Here, we set ψ := ϕeadX . Then, ψ is a Lie algebra isomorphism from
g0 to g
′
0. By the condition (2.1) and the equality ϕσ = σ
′ϕ, we have
ψσ = (ϕeadX)σ = ϕ(σeadX) = (σ′ϕ)eadX = σ′ψ.
On the other hand, the equality (3.1) implies ψθ = θ′ψ. Hence, we
have shown (g0, σ; θ) ≡ (g′0, σ′; θ′), from which p˜ is injective.
Therefore, we have proved Lemma 3.1. 
Let us assume that (g0, σ) ≡ (g′0, σ′). Combining Lemma 3.1 with
Lemma 2.3, we have (g0, σ; θ) ≡ (g′0, σ′; θ′) for any Cartan involution θ
of g0 commuting with σ and any Cartan involution θ
′ of g′0 commuting
with σ′. Hence, it follows from Lemma 2.5 that (g0, σ; θ)a ≡ (g′0, σ′; θ′)a
and (g0, σ; θ)
d ≡ (g′0, σ′; θ′)d.
Definition 3.2. We write [(g0, σ)] ∈ P/≡ for the equivalence class
containing (g0, σ) ∈ P. We define [(g0, σ)]a and [(g0, σ)]d by
[(g0, σ)]
a := [p((g0, σ; θ)
a)], [(g0, σ)]
d := [p((g0, σ; θ)
d)].(3.2)
Moreover, we say that [(g0, σ)] is self-associated if [(g0, σ)]
a = [(g0, σ)],
and self-dual if [(g0, σ)]
d = [(g0, σ)].
3.2. Correspondence between Pc and T. In this subsection, we
construct a map Φ : T→ Pc and Ψ : Pc → T explicitly.
First, we give a map Φ : T → Pc as follows. Let (g, θ1, θ2) be
a commutative compact semisimple symmetric triad. We will use
the notation as in Section 2.3. Let µ be the complex conjugation of
gC = g +
√−1g with respect to g. We extend θ1 and θ2 to C-linear
automorphisms on gC, respectively. Then, θ1 commutes with µ, from
which τ := µθ1 defines another anti-linear involution on gC.
The fixed point set g0 := g
τ
C is a non-compact real form of gC and is
expressed as follows.
Lemma 3.3. g0 = g
θ1 +
√−1g−θ1 = k1 +
√−1p1.
Proof. g0 = g
τ
C = (g
µ
C)
θ1 + (g−µC )
−θ1 = gθ1 +
√−1g−θ1 . 
The restriction of the C-linear map θ1 on gC to g0 becomes an invo-
lution on g0. We put θ := θ1|g0 . Then, k0 := gθ0 is a maximal compact
subalgebra of g0. This means that θ is a Cartan involution of g0 and
k0 coincides with k1 = g
θ1 .
Similarly, σ := θ2|g0 is also an involution on g0. Clearly, σ commutes
with θ. Therefore, (g0, σ; θ) is a non-compact semisimple symmetric
pair equipped with a Cartan involution. In this sense, we define a map
Φ : T→ Pc by
Φ(g, θ1, θ2) = (g0, σ; θ) = (g
θ1 +
√−1g−θ1 , θ2|g0 ; θ1|g0).(3.3)
Hereafter, we use the same letters θ1, θ2 to denote the restrictions
θ1|g0 , θ2|g0 , respectively. Note that the fixed point set h0 := gσ0 is written
as follows.
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Lemma 3.4. h0 = k1 ∩ k2 +
√−1(p1 ∩ k2).
Proof. gσ0 = (g
θ1 +
√−1g−θ1)σ = gθ1 ∩gθ2 +√−1(g−θ1 ∩gθ2) = k1∩ k2+√−1(p1 ∩ k2). 
By the observation of Lemma 3.4, k1 ∩ k2 is a maximal compact
subalgebra of h0.
Next, we give a map Ψ : Pc → T. Let (g0, σ; θ) be a non-compact
semisimple symmetric pair equipped with a Cartan involution. Retain
the notation as in Section 2.1. We extend θ and σ to C-linear auto-
morphisms on the complexification gC = g0+
√−1g0. As we have seen
in (2.3), g := gθ0 +
√−1g−θ0 = k0 +
√−1p0 is a compact semisimple Lie
algebra. Then, the restrictions of θ and σ to g become involutions on
g.
We set θ1 := θ|g and θ2 := σ|g. Clearly, θ1 commutes with θ2. Thus,
we get a commutative compact semisimple symmetric triad (g, θ1, θ2).
This yields the map Ψ : Pc → T defined by
Ψ(g0, σ; θ) = (g, θ1, θ2) = (g
θ
0 +
√−1g−θ0 , θ|g, σ|g).(3.4)
From now, we use the same letters θ, σ to denote the restrictions
θ|g, σ|g to g, respectively.
The fixed point set k1 := g
θ1 equals to k0, and k2 := g
θ2 is given by
gθ2 = kσ0 +
√−1pσ0 = k0 ∩ h0 +
√−1(p0 ∩ h0).(3.5)
3.3. One-to-one correspondence between P/≡ and T/≡. Two
maps Φ,Ψ given in Section 3.2 are inversed correspondence to each
other (see the proof of Theorem 3.6 below). Using them, we will con-
struct a one-to-one correspondence between Pc/≡ and T/≡.
For this, we prepare:
Lemma 3.5. The map Φ defined by (3.3) induces the map from T/≡
to Pc/≡. Similarly, the map Ψ defined by (3.4) induces the map from
Pc/≡ to T/≡.
In the following, [(g, θ1, θ2)] ∈ T/≡ denotes the equivalence class
containing (g, θ1, θ2) ∈ T.
Proof. Let us assume [(g, θ1, θ2)] = [(g
′, θ′1, θ
′
2)] ∈ T/≡. By definition,
we obtain (g, θ1, θ2) ≡ (g′, θ′1, θ′2), from which we take a Lie algebra
isomorphism ϕ : g → g′ satisfying ϕθi = θ′iϕ for i = 1, 2. We extend
ϕ to a complex Lie algebra isomorphism from gC to g
′
C. Since (g
′)θ
′
1
coincides with ϕ(gθ1) and (g′)−θ
′
1 with ϕ(g−θ1), we have
g′0 = (g
′)θ
′
1 +
√−1(g′)−θ′1 = ϕ(gθ1 +√−1g−θ1) = ϕ(g0).
Hence, we conclude
(g′0, θ
′
2; θ
′
1) = (ϕ(g0), ϕθ2ϕ
−1;ϕθ1ϕ−1) ≡ (g0, θ2; θ1).
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This means Φ(g′, θ′1, θ
′
2) ≡ Φ(g, θ1, θ2), from which this gives rise to the
map Φ : T/≡ → Pc/≡.
Similarly, we can induce the map Ψ : Pc/≡ → T/≡. Then, we omit
its detail. 
Theorem 3.6 (Duality theorem). p˜ ◦ Φ : T/≡ → P/≡ is a bijective
map. Moreover, Ψ ◦ (p˜)−1 is the inversed map of p˜ ◦ Φ. Hence, we get
a one-to-one correspondence between T/≡ and P/≡.
Proof. We take a non-compact semisimple symmetric pair equipped
with a Cartan involution (g0, σ; θ). Combining (3.3) with (3.4), we
have
Φ ◦Ψ(g0, σ; θ) = Φ(gθ0 +
√−1g−θ0 , θ, σ)
= ((gθ0 +
√−1g−θ0 )θ +
√−1(gθ0 +
√−1g−θ0 )−θ, σ; θ)
= (gθ0 + g
−θ
0 , σ; θ)
= (g0, σ; θ).
This means that Ψ is the inversed map of Φ. Hence, we obtain a
bijection from Pc/≡ to T/≡. As Lemma 3.1, we conclude Theorem
3.6. 
Notation 3.7. For simplicity, we usually use the notation as follows:
(g, θ1, θ2)
∗ = Φ(g, θ1, θ2) ((g, θ1, θ2) ∈ T),
(g0, σ; θ)
∗ = (g0, σ)∗ = Ψ(g0, σ; θ) ((g0, σ; θ) ∈ Pc).
Example 3.8. Let (g, θ1, θ2) be the commutative compact semisimple
symmetric triad which has been considered in Example 2.14, namely,
g = so(2p+ 2q), θ1(X) = I2p,2qXI2p,2q and θ2(X) = Jp,qXJ
−1
p,q (X ∈ g).
We recall that gθ1 = so(2p)+so(2q) and gθ2 ≃ u(p+ q). In this setting,
we will clarify the dual (g0, σ; θ) = (g, θ1, θ2)
∗ of (g, θ1, θ2).
The complexification g of so(2p, 2q) equals so(2p + 2q,C) = {X ∈
M(2p + 2q,C) : tX = −X}. The non-compact real form g0 = gθ1 +√−1g−θ1 of g is given as follows. The fixed point set gθ1 = gθ0 =
so(2p) + so(2q) is given by (2.11) and g−θ1 by
g−θ1 =
{(
O −B
tB O
)
: B ∈M(2p, 2q ;R)
}
.
Hence, we have
g0 =
{(
A −√−1B√−1 tB D
)
:
A ∈ so(2p), D ∈ so(2q),
B ∈M(2p, 2q ;R).
}
.
Here, we set
I ′2p,2q :=
(
I2p O
O −√−1I2q
)
(3.6)
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and define a map ϕ : g0 → so(2p+ 2q,C) by
ϕ(X) := I ′2p,2qX(I
′
2p,2q)
−1 (X ∈ g0).(3.7)
Then, ϕ gives rise to the Lie algebra isomorphism from g0 to so(2p, 2q)
which is defined by (2.10).
Now, we put g′0 := so(2p, 2q) and θ
′ := ϕθϕ−1, σ′ := ϕσϕ−1. Then,
(g′0, σ
′; θ′) is a non-compact semisimple symmetric pair equipped with
a Cartan involution and satisfies (g′0, σ
′; θ′) ≡ (g0, σ; θ). In particular,
two involutions θ′ and σ′ on g′0 are expressed as θ
′(X) = I2p,2qXI2p,2q
and σ′(X) = Jp,qXJ−1p,q , respectively (X ∈ g′0). Hence, (g′0, σ′; θ′) is the
same as the non-compact semisimple symmetric pair in Example 2.9,
namely, (g′0)
θ′ = so(2p) + so(2q) and (g′0)
σ′ ≃ u(p, q).
Example 3.9. Let (g, θ1, θ2) be a commutative compact semisimple
symmetric triad with g = so(4p) and θ1(X) = I2p,2pXI2p,2p, θ2(X) =
J2pXJ
−1
2p (X ∈ g). As mentioned in Example 2.15, we obtain gθ1 =
so(2p) + so(2p) and gθ2 ≃ u(2p).
The dual (g0, σ; θ) := (g, θ1, θ2)
∗ is given as follows. By the same
argument as in Example 3.8, a non-compact semisimple real Lie algebra
g0 is isomorphic to so(2p, 2p) and the fixed point set g
θ
0 of the Cartan
involution θ := θ1|g0 equals so(2p) + so(2p).
Next, we define a map ϕ by (3.7). We set g′0 := ϕ(g0) = so(2p, 2q)
and σ′ = ϕσϕ−1. Then, an explicit description of σ′ on g′0 is of the
form σ′(X) = J ′2pXJ
′
2p where J
′
2p is given by (2.12). This means that
(g′0, σ
′; θ′) is the same as the non-compact semisimple symmetric pair
equipped with a Cartan involution treated in Example 2.10, and then
(g′0)
σ′ is isomorphic to gl(2p,R).
The following corollary is an immediate consequence of Theorem 3.6
(see also Section 3.2). Here is a remark that gσ0 is reductive since it
is θ-invariant, however, it is not always semisimple. In this case, we
would also say that g′ is a compact real form of the complexification
(gσ0 )C of g
σ
0 if g
′ is compact and a real form of (gσ0 )C.
Corollary 3.10. Let (g0, σ; θ) be a non-compact semisimple symmetric
pair equipped with a Cartan involution. We set (g, θ1, θ2) := (g0, σ; θ)
∗.
Then, we have:
(1) The compact semisimple Lie algebra g is a compact real form
of gC.
(2) The fixed point set gθ1 coincides with gθ0.
(3) The fixed point set gθ2 is a compact real form of (gσ0)C.
3.4. Compatible condition. Our duality theorem (Theorem 3.6) sat-
isfies compatible conditions in the sense as follows. Here, we will
write (g, θ1, θ2)
a∗ for Φ((g, θ1, θ2)a) = Φ(g, θ1, θ1θ2) and (g, θ1, θ2)∗a for
(Φ(g, θ1, θ2))
a, and so on.
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Proposition 3.11. The following relations hold for (g, θ1, θ2) ∈ T:
(g, θ1, θ2)
a∗ = (g, θ1, θ2)∗a, (g, θ1, θ2)d∗ = (g, θ1, θ2)∗d.
Proposition 3.12. The following relations hold for (g0, σ; θ) ∈ Pc:
(g0, σ; θ)
a∗ = (g0, σ; θ)∗a, (g0, σ; θ)d∗ = (g0, σ; θ)∗d.
Proof of Proposition 3.11. As (g, θ1, θ2)
a = (g, θ1, θ1θ2), it follows from
(3.3) that Φ((g, θ1, θ2)
a) = Φ(g, θ1, θ1θ2) = (g
θ1 +
√−1g−θ1 , θ1θ2; θ1).
On the other hand, the associated non-compact semisimple symmetric
pair (Φ(g, θ1, θ2))
a of Φ(g, θ1, θ2) = (g
θ1+
√−1g−θ1 , θ2; θ1) equals (gθ1+√−1g−θ1 , θ1θ2; θ1) (see Definition 2.4). Hence, we obtain
(g, θ1, θ2)
a∗ = (gθ1 +
√−1g−θ1 , θ1θ2; θ1) = (g, θ1, θ2)∗a.
Next, a direct computation shows
(g, θ1, θ2)
d∗ = (g, θ2, θ1)∗ = (gθ2 +
√−1g−θ2, θ1; θ2).
On the other hand, we have
(g, θ1, θ2)
∗d = (gθ1 +
√−1g−θ1 , θ2; θ1)d = ((gθ1 +
√−1g−θ1)d, θ1; θ2).
By (2.4), we have (gθ1 +
√−1g−θ1)d = gθ2 +√−1g−θ2, from which
(g, θ1, θ2)
∗d = (gθ2 +
√−1g−θ2, θ1; θ2).
Hence, we have proved (g, θ1, θ2)
d∗ = (g, θ1, θ2)∗d. 
Proof of Proposition 3.12. Our proof of the first equality is provided
as follows. According to Theorem 3.6, we write (g0, σ; θ) = (g, θ1, θ2)
∗
for some (g, θ1, θ2) ∈ T. Recall from the proof of Theorem 3.6 that
(g, θ1, θ2)
∗∗ = Ψ ◦ Φ(g, θ1, θ2) = (g, θ1, θ2). By Proposition 3.11, we
have
(g0, σ; θ)
a∗ = (g, θ1, θ2)∗a∗ = (g, θ1, θ2)a∗∗ = (g, θ1, θ2)a.
On the other hand, since (g0, σ; θ)
∗ = (g, θ1, θ2), we have (g0, σ; θ)∗a =
(g, θ1, θ2)
a. Hence, we have proved (g0, σ; θ)
a∗ = (g0, σ; θ)∗a.
The second statement can be proved similarly to the first one, hence
we omit its proof. 
3.5. Duality for Riemannian symmetric pairs. The duality for
Riemannian semisimple symmetric pairs a` la E´. Cartan means a one-to-
one correspondence between Riemannian semisimple symmetric pairs
of non-compact type and those of compact type. More precisely, a pair
(g0, θ) of a non-compact real semisimple Lie algebra g0 and its Cartan
involution θ corresponds to the pair (gθ0 +
√−1g−θ0 , θ), and a compact
semisimple symmetric pair (g, θ1) to the pair (g
θ1 +
√−1g−θ1 , θ1) (cf.
[10, Section 2 in Chapter V]). On the other hand, (g0, θ) and (g, θ1)
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have the following correspondences in the sense of our duality theorem
given by Theorem 3.6:
(g0, θ)
∗ = (g0, θ; θ)∗ = (gθ0 +
√−1g−θ0 , θ, θ),
(g, θ1)
∗ = (g, θ1, θ1)
∗ = (gθ1 +
√−1g−θ1 , θ1; θ1)
where (g, θ1) is regarded as the commutative compact semisimple sym-
metric triad (g, θ1, θ1). Then, it is reasonable to write (g, θ1) = (g0, θ)
∗
as the duality for Riemannian semisimple symmetric pairs. In this
context, our duality in Theorem 3.6 is a kind of generalizations of the
duality for Riemannian symmetric pairs.
We want to understand our duality in Theorem 3.6 from the view-
point of the duality for Riemannian symmetric pairs. For this, we have
to extend the duality for Riemannian semisimple symmetric pairs to
that for Riemannian reductive symmetric pairs. Then, let us assume
only in this subsection that a non-compact real Lie algebra g0 is reduc-
tive.
We write g0 = [g0, g0] ⊕ z0 for the decomposition of g0 into its
semisimple part and its center. Here, [g0, g0] is the derived ideal and
z0 is the center of g0.
Let ν be an involution on g0. The restriction of ν to the semisimple
part [g0, g0] defines an involution on [g0, g0] because
ν([g0, g0]) = [ν(g0), ν(g0)] = [g0, g0].
Moreover, ν|z0 is also an involution on z0 since
[ν(z0), g0] = ν([z0, ν(g0)]) = ν([z0, g0]) = {0}.
An involution θ on a real reductive Lie algebra g0 is said to be a
Cartan involution if the restriction θ|[g0,g0] is a Cartan involution of the
semisimple part [g0, g0] (see [24]). In this sense, Cartan involutions on
a real reductive Lie algebra are not unique.
Given a Cartan involution θ of a reductive Lie algebra g0, we say
that (g0, θ) is a Riemannian reductive symmetric pair. According to
the decomposition g0 = [g0, g0]⊕ z0, the sets gθ0 and g−θ0 can be written
by gθ0 = [g0, g0]
θ⊕ zθ0 and g−θ0 = [g0, g0]−θ⊕ z−θ0 , respectively. Then, the
Lie algebra g := gθ0 +
√−1g−θ0 is given by
g = ([g0, g0]
θ +
√−1[g0, g0]−θ)⊕ (zθ0 +
√−1z−θ0 ).(3.8)
In particular, gθ coincides with gθ0 = [g0, g0]
θ ⊕ zθ0.
Here, [g0, g0]
θ +
√−1[g0, g0]−θ is a compact semisimple Lie algebra
because [g0, g0] is semisimple and θ is a Cartan involution of [g0, g0],
in particular, this coincides with [g, g]. On the other hand, z := zθ0 +√−1z−θ0 is the center of g. Hence, g is a compact Lie algebra. Further, g
is semisimple if and only if z0 = {0}. In this case, we have g0 = [g0, g0],
and then (3.8) is g = gθ0 +
√−1g−θ0 . Henceforth, we may also write
(g, θ) = (g0, θ)
∗ for a real reductive Lie algebra g0.
20 K. BABA, O. IKAWA, A. SASAKI
Moreover, it follows from (3.8) that (g, θ) is of the form
(g, θ) = ([g, g], θ)⊕ (z, θ).
The semisimple part ([g, g], θ) is written by ([g, g], θ) = ([g0, g0], θ)
∗ in
the sense of Theorem 3.6. Concerning the center, we set (z0, θ)
∗ :=
(z, θ). Based on the above observation, we define
(g0, θ)
∗ := ([g0, g0], θ)∗ ⊕ (z0, θ)∗(3.9)
for a real reductive Lie algebra g0 and a Cartan involution θ of g0.
Now, we return to our duality theorem. Let (g0, σ; θ) ∈ Pc and
(g, θ1, θ2) = (g0, σ; θ)
∗ ∈ T. Then, (g0, θ) and (gσ0 , θ) are non-compact
Riemannian symmetric pairs, and (g, θ1) and (g
θ2 , θ1) are compact Rie-
mannian symmetric pairs. They have the following relations:
Theorem 3.13. Let (g0, σ; θ) be a non-compact pseudo-Riemannian
semisimple symmetric pair equipped with a Cartan involution. We set
(g, θ1, θ2) := (g0, σ; θ)
∗. Then, (g, θ1) equals (g0, θ)∗ and (gθ2 , θ1) equals
(gσ0 , θ)
∗.
Proof. As mentioned in (3.4), we have g = gθ0 +
√−1g−θ0 and gθ2 =
gθ0 ∩ gσ0 +
√−1g−θ0 ∩ gσ0 . 
Example 3.14. Let us again consider the non-compact semisimple
symmetric pair equipped with a Cartan involution (g0, σ; θ) which has
been treated in Example 2.10, namely, g0 = so(2p, 2p), σ(X) = J
′
2pXJ
′
2p
and θ(X) = I2p,2pXI2p,2p (X ∈ g0). Then, gθ0 = so(2p) + so(2p), and
gσ0 ≃ gl(2p,R).
We have already explained in Example 3.9 that (g0, σ; θ) is equivalent
to the dual of the commutative compact semisimple symmetric triad
(g, θ1, θ2) with g = so(4p), θ1(X) = I2p,2pXI2p,2p and θ2(X) = J2pXJ
−1
2p
(X ∈ g), from which gθ1 = so(2p) + so(2p) gθ2 ≃ u(2p). Here is the
observation of the relation (g0, σ; θ)
∗ ≡ (g, θ1, θ2) from the view point
of Theorem 3.13. In the following, we shall use the classification of
Riemannian semisimple symmetric pairs.
Clearly, (g, θ1) = (so(4p), θ1) is the dual of (g0, θ) = (so(2p, 2p), θ)
for Riemannian semisimple symmetric pairs.
Next, the subalgebra gσ0 is not semisimple and decomposed as g
σ
0 =
[gσ0 , g
σ
0 ]⊕ z(gσ0 ) where the semisimple part is
[gσ0 , g
σ
0 ] =
{(
A B
B A
)
: A ∈ so(2p), B ∈ Sym(2p,R),TrB = 0
}
which is isomorphic to sl(2p,R) via the isomorphism ι given by (2.14),
and the center is
z(gσ0 ) =
{(
O rI2p
rI2p O
)
: r ∈ R
}
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which is isomorphic to ι(z(gσ0 )) = RI2p. According to (3.9), the dual
(gσ0 , θ)
∗ is given by
(gσ0 , θ)
∗ = ([gσ0 , g
σ
0 ], θ)
∗ ⊕ (z(gσ0 ), θ)∗
≡ (sl(2p,R), ιθι−1)∗ ⊕ (RI2p, ιθι−1)∗.
Here, the Cartan involution θ′ := ιθι−1 on ι(gσ0 ) = gl(2p,R) is writ-
ten as θ′(X ′) = − tX ′ (X ′ ∈ gl(2p,R)). The dual (sl(2p,R), θ′)∗ for
Riemannian semisimple symmetric pair coincides with (su(2p), θ′). On
the other hand, RI2p coincides with (RI2p)
−θ′ . By (3.8), we obtain
(RI2p, θ
′)∗ = (
√−1RI2p, θ′). Therefore, we conclude
(gσ0 , θ)
∗ ≡ (su(2p), θ′)⊕ (√−1RI2p, θ′) = (u(2p), θ′).
4. Correspondence between various properties via
duality theorem
In the previous section, we have provided an explicit description of
a one-to-one correspondence between the set of equivalence classes of
non-compact semisimple symmetric pairs and the set of equivalence
classes of commutative compact semisimple symmetric triads (Theo-
rem 3.6), and have observed that this correspondence is a kind of gen-
eralization of the duality for Riemannian symmetric pairs (see Section
3.5).
Our next concern on our duality theorem is to seek a correspondence
between various properties of non-compact semisimple symmetric pairs
and those of commutative compact semisimple symmetric triads.
The first half of this section is devoted to the study that our dual-
ity theorem preserves irreducibility, namely, a non-compact semisimple
symmetric pair (g0, σ) is irreducible (see Definition 4.1) if and only if
the corresponding commutative compact semisimple symmetric triad
(g, θ1, θ2) = (g0, σ)
∗ is irreducible (see Definition 4.9), which is given by
Theorem 4.16. Further, we see in Lemma 4.4 that the irreducible de-
composition of (g0, σ) corresponds to the irreducible decomposition of
the dual (g, θ1, θ2) = (g0, σ)
∗. Moreover, our duality also gives rise to a
one-to-one correspondence between ‘types’ of irreducible non-compact
semisimple symmetric pairs and ‘types’ of irreducible commutative
compact semisimple symmetric triads. For example, if g0 is simple
and has no complex structures, then (g0, σ) is irreducible and the cor-
responding (g, θ1, θ2) satisfies that g is simple, in particular, (g, θ1, θ2)
is irreducible, and vice versa (see Proposition 4.17). If g0 is not sim-
ple or has a complex structure, then we divide irreducible (g0, σ) ∈ P
into four types named by (P-a)–(P-d) (see in Corollary 4.8), whereas,
if a compact semisimple Lie algebra g is not simple, then we divide
irreducible (g, θ1, θ2) ∈ T into four types named by (T-a)–(T-d) (see
in Proposition 4.11). Then, we prove that irreducible (g0, σ) is of type
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(P-i) if and only if the corresponding (g, θ1, θ2) is of type (T-i) (i = a,
b, c, d) (see Theorem 4.18).
Owing to this result, one can give an alternative proof for Berger’s
classification of non-compact semisimple symmetric pairs from the view-
point of that of compact semisimple symmetric triads via our duality
theorem. The detail will be explained in the forthcoming paper [2].
The latter half of this section is to provide a new characterization
of non-compact semisimple symmetric pairs of type Kε (see Definition
4.32) in terms of the corresponding commutative compact semisimple
symmetric triads (g0, σ)
∗ via our duality theorem (see Theorem 4.44).
To explain it, we shall introduce an equivalence relation between two
involutions θ1, θ2 on a compact semisimple Lie algebra, denoted by
θ1 ∼ θ2 (see Definition 4.36).
First of all, we fix the notation as follows. Let l0 be a real semisimple
Lie algebra. Then, the direct sum l0 ⊕ l0 is a semisimple Lie algebra.
However, it is not simple even if l0 is simple. For two automorphisms
ν1, ν2 on l0, we write ν1 ⊕ ν2 for the automorphism on l0 ⊕ l0 given by
(ν1 ⊕ ν2)(X, Y ) := (ν1(X), ν2(Y )) (X, Y ∈ l0).(4.1)
On the other hand, it would be useful to define
ρ(X, Y ) = (Y,X) ((X, Y ) ∈ l0 ⊕ l0).(4.2)
Then, ρ is an involution on l0 ⊕ l0.
4.1. Irreducible semisimple symmetric pair. Let us begin with
irreducibility for non-compact semisimple symmetric pairs (see [16,
Chapter XI, Section 5]).
Definition 4.1. A non-compact semisimple symmetric pair (g0, σ) is
irreducible if it does not admit non-trivial σ-invariant ideals of g0.
When σ is a Cartan involution θ, then (g0, θ) is irreducible in the
sense of Definition 4.1 if and only if gθ0 acts irreducibly on g
−θ
0 , namely,
(g0, θ) is irreducible as a non-compact Riemannian symmetric pair,
which will be discussed in Section 5 separated from this section.
Let us consider a non-compact semisimple symmetric pair (g0, σ)
which is not irreducible, namely, there exists a non-trivial σ-invariant
ideal l0 of g0. The restriction σ|l0 of σ to l0 is an involution on l0. This
gives rise to a non-compact semisimple symmetric pair (l0, σ|l0). Let
l′0 be the complementary ideal of l0 in g0, namely, g0 = l0 ⊕ l′0. Then,
σ|l′0 becomes an involution of l′0. Hence, (g0, σ) is decomposed into two
semisimple symmetric pairs (l0, σ|l0), (l′0, σ|l′0) as follows
(g0, σ) = (l0 ⊕ l′0, σ|l0 ⊕ σ|l′0) = (l0, σ|l0)⊕ (l′0, σ|l′0).(4.3)
Let us see that (4.3) leads us a decomposition of a non-compact
semisimple symmetric pair equipped with a Cartan involution (g0, σ; θ).
Let θ0 (resp. θ
′
0) be a Cartan involution of l0 (resp. l
′
0) commuting
SYMMETRIC PAIRS AND COMPACT SYMMETRIC TRIADS 23
with σ|l0 (resp. σ|l′0). Then, θ0 ⊕ θ′0 is a Cartan involution of g0 =
l0 ⊕ l′0 commuting with σ. Hence, (g0, σ; θ0 ⊕ θ′0) is a non-compact
semisimple symmetric pair equipped with a Cartan involution and has
a decomposition
(g0, σ; θ0 ⊕ θ′0) = (l0, σ|l0; θ0)⊕ (l′0, σ|l′0; θ′0).
Lemma 4.2. Suppose that (g0, σ) is not irreducible and decomposed
into (4.3). Then, any Cartan involution θ of g0 commuting with σ
satisfies θ(l0) = l0 and θ(l
′
0) = l
′
0.
Proof. Retain the notation as above. By Fact 2.2, we have θ = eadZ(θ0⊕
θ′0)e
− adZ for some Z ∈ gσ0 . Here, gσ0 is of the form gσ0 = lσ0 ⊕ (l′0)σ, from
which we write Z = (Z0, Z
′
0) for some Z0 ∈ lσ0 and Z ′0 ∈ (l′0)σ. Then,
we have eadZ = eadZ0 ⊕ eadZ′0 and
θ = (eadZ0 ⊕ eadZ′0)(θ0 ⊕ θ′0)(e− adZ0 ⊕ e− adZ
′
0)
= (eadZ0θ0e
− adZ0)⊕ (eadZ′0θ′0e− adZ
′
0).
Hence, θ|l0 = eadZ0θ0e− adZ0 and θ|l′0 = eadZ
′
0θ′0e
− adZ′0 become automor-
phisms on l0 and l
′
0, respectively. This means that both l0 and l
′
0 are
θ-invariant. 
Lemma 4.2 implies that θ|l0 , θ|l′0 are Cartan involutions of l0, l′0, re-
spectively. Therefore, we conclude:
Proposition 4.3. Let (g0, σ; θ) be a non-compact semisimple symmet-
ric pair equipped with a Cartan involution. If (g0, σ) is not irreducible,
then there exist σ-invariant ideals l0, l
′
0 such that
(g0, σ; θ) = (l0, σ|l0; θ|l0)⊕ (l′0, σ|l′0; θ|l′0).
Due to Proposition 4.3, a non-compact semisimple symmetric pair
equipped with a Cartan involution (g0, σ; θ) is decomposed into irre-
ducible ones, namely,
(g0, σ; θ) = (l0, σ|l0; θ|l0)⊕ (l′0, σ|l′0; θ|l′0)⊕ · · · ⊕ (l
(k)
0 , σ|l(k)0 ; θ|l(k)0 )
where l0, l
′
0, . . . , l
(k)
0 are non-trivial σ-invariant ideals of g0 such that
g0 = l0⊕ l′0⊕· · ·⊕ l(k)0 and all non-compact semisimple symmetric pairs
(l
(i)
0 , σ|l(i)0 ) are irreducible.
In view of the following lemma, it suffices to consider only irre-
ducible symmetric pairs in order to see a one-to-one correspondence
between various properties of non-compact semisimple symmetric pairs
and those of commutative compact semisimple symmetric triads.
Lemma 4.4. Retain the setting of Proposition 4.3. Then, the dual
(g0, σ; θ)
∗ is given by
(g0, σ; θ)
∗ = (l0, σ|l0; θ|l0)∗ ⊕ (l′0, σ|l′0; θ|l′0)∗.
24 K. BABA, O. IKAWA, A. SASAKI
Proof. We set (g, θ1, θ2) := (g0, σ; θ)
∗. By (3.4), we obtain g = gθ0 +√−1g−θ0 , θ1 = θ|g and θ2 = σ|g. Since gθ0 = lθ0 ⊕ (l′0)θ and g−θ0 =
l−θ0 ⊕ (l′0)−θ, the compact Lie algebra g is written as
g = (lθ0 ⊕ (l′0)θ) +
√−1(l−θ0 ⊕ (l′0)−θ)
= (lθ0 +
√−1l−θ0 )⊕ ((l′0)θ +
√−1(l′0)−θ).
We set l := lθ0 +
√−1l−θ0 and l′ := (l′0)θ +
√−1(l′0)−θ. Then, we have
θ1|l = θ|l, θ1|l′ = θ|l′, θ2|l = σ|l, θ2|l′ = σ|l′.
This implies that
(g, θ1, θ2) = (l⊕ l′, θ|l⊕l′, σ|l⊕l′) = (l, θ|l, σ|l)⊕ (l′, θ|l′, σ|l′).
As (l, θ|l, σ|l) = (l0, σ|l0; θ|l0)∗ and (l′, θ|l′, σ|l′) = (l′0, σ|l′0; θ|l′0)∗, we ob-
tain
(g0, σ; θ)
∗ = (l0, σ|l0; θ|l0)∗ ⊕ (l′0, σ|l′0; θ|l′0)∗.
Therefore, we have verified Lemma 4.4. 
Henceforth, we deal with irreducible non-compact semisimple sym-
metric pairs.
First, let us consider a non-compact semisimple symmetric pair (g0, σ)
where g0 is not simple.
We take a non-trivial simple ideal g′0 in g0. Then, σ(g
′
0) is also an
ideal of g0 because
[σ(g′0), g0] = [σ(g
′
0), σ(g0)] = σ([g
′
0, g0]) ⊂ σ(g′0).
Hence, g′0 ∩ σ(g′0) is a σ-invariant ideal of g0. Since the sequence g′0 ∩
σ(g′0) ⊂ g′0 ( g0 holds and (g0, σ) is irreducible, g′0 ∩ σ(g′0) has to be
{0}.
Now, we consider the ideal g′0 + σ(g
′
0) = {X + σ(Y ) : X, Y ∈ g′0} of
g0. This is σ-invariant because σ(X+σ(Y )) = Y +σ(X) for X, Y ∈ g′0.
Then, g′0 + σ(g
′
0) coincides with g0 because of the inclusion g
′
0 ⊂ g′0 +
σ(g′0) and the irreducibility of (g0, σ). We define a map ϕ from g0 to
g′0 ⊕ g′0 by
ϕ : g0 = g
′
0 + σ(g
′
0)→ g′0 ⊕ g′0, X + σ(Y ) 7→ (X, Y ).(4.4)
Then, ϕ is a Lie algebra isomorphism. This yields the relation σ =
ϕ−1ρϕ where ρ is given by (4.2). Hence, we obtain
(g0, σ) ≡ (g′0 ⊕ g′0, ρ).(4.5)
Let θ′ be a Cartan involution of a real simple Lie algebra g′0. Then,
θ′ ⊕ θ′ is a Cartan involution of g′0 ⊕ g′0. It is obvious that (θ′ ⊕ θ′)ρ =
ρ(θ′ ⊕ θ′). Hence, (g′0 ⊕ g′0, ρ; θ′ ⊕ θ′) is a non-compact semisimple
symmetric pair equipped with a Cartan involution.
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Here, we set θ˜ := ϕ−1(θ′ ⊕ θ′)ϕ. This is a Cartan involution of g0
and
σθ˜ = (ϕ−1ρϕ)(ϕ−1(θ′ ⊕ θ′)ϕ) = ϕ−1ρ(θ′ ⊕ θ′)ϕ = ϕ−1(θ′ ⊕ θ′)ρϕ = θ˜σ.
Hence, we obtain
(g0, σ; θ˜) ≡ (g′0 ⊕ g′0, ρ; θ′ ⊕ θ′).(4.6)
Moreover, we prove:
Lemma 4.5. Suppose that g0 is not simple and (g0, σ) is irreducible.
Under the setting of (4.5), any Cartan involution θ of g0 commuting
with σ satisfies θ(g′0) = g
′
0.
Proof. By Fact 2.2, there exists Z ∈ gσ0 such that θ = eadZ θ˜e− adZ .
Since eadZσ = σeadZ (see Lemma 2.3), we have (g0, σ; θ) ≡ (g0, σ; θ˜).
As gσ0 = {X + σ(X) : X ∈ g′0}, we write Z = Z0 + σ(Z0) for some
Z0 ∈ g′0. Then, we have
θ(X + σ(Y )) = (eadZ0θ′e− adZ0)X + σ((eadZ0θ′e− adZ0)Y ).
This means that g′0 is θ-invariant and θ|g′0 = eadZ0θ′e− adZ0 is its Cartan
involution. 
Lemma 4.5 implies that the restriction θ|g′0 becomes a Cartan invo-
lution of g′0. By replacing θ
′ with θ|g′0 in (4.5), we conclude:
Proposition 4.6. Let (g0, σ; θ) be a non-compact semisimple symmet-
ric pair equipped with a Cartan involution. If (g0, σ) is irreducible and
g0 is not simple, then there exists a real simple Lie algebra g
′
0 such that
(g0, σ; θ) ≡ (g′0 ⊕ g′0, ρ; θ|g′0 ⊕ θ|g′0).
Next, let us consider the case where g0 is simple. Clearly, (g0, σ) is ir-
reducible for any involution σ. In the following, we focus on the setting
that g0 is a complex Lie algebra and the property of its involutions.
Remark 4.7. Suppose that a non-compact real simple Lie algebra g0
equips with a complex structure J . Then, any involution on a complex
simple Lie algebra (g0, J) is either C-linear or anti-linear. In fact, for
an involution σ on g0, we set Jσ := σJσ. Then, Jσ becomes a complex
structure on g0 because J
2
σ = σJσ
2Jσ = σJ2σ = −σ2 = − id. Since
g0 is simple, this implies Jσ has to be either J or −J . If Jσ = J then
Jσ = σJ , from which σ is C-linear. On the other hand, if Jσ = −J
then Jσ = −σJ , from which σ is anti-linear. If σ coincides with a
Cartan involution θ, then it is anti-linear and its fixed point set in g0
is a compact real form of the complex simple Lie algebra (g0, J).
As a consequence of Proposition 4.6 and Remark 4.7, we get all
types of irreducible non-compact semisimple symmetric pairs. More
precisely, irreducible (g0, σ) forms as follows when g0 is not simple or
has a complex structure:
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Corollary 4.8. Let (g0, σ; θ) be a non-compact semisimple symmetric
pair equipped with a Cartan involution except the case where g0 is sim-
ple without complex structures. If (g0, σ) is irreducible, then (g0, σ; θ)
satisfies one of the followings:
(P-a) g0 is real simple Lie algebra with a complex structure and σ is
anti-linear on the complex Lie algebra g0.
(P-b) g0 is real simple Lie algebra with a complex structure and σ is
C-linear on the complex Lie algebra g0.
(P-c) (g0, σ; θ) ≡ (g′0 ⊕ g′0, ρ; θ|g′0 ⊕ θ|g′0) for some real simple Lie
algebra g′0 with a complex structure.
(P-d) (g0, σ; θ) ≡ (g′0 ⊕ g′0, ρ; θ|g′0 ⊕ θ|g′0) for some real simple Lie
algebra g′0 without complex structures.
4.2. Irreducible compact semisimple symmetric triad. In con-
trast to irreducible non-compact semisimple symmetric pairs, we in-
troduce irreducibility of commutative compact semisimple symmetric
triads.
Definition 4.9. A compact semisimple symmetric triad (g, θ1, θ2) is
irreducible if it does not admit non-trivial θ1- and θ2-invariant ideals of
g (cf. [20, Section 2]).
By definition, (g, θ1, θ2) is irreducible if g is simple. Further, we have:
Lemma 4.10. For a commutative compact semisimple symmetric triad
(g, θ1, θ2), following three conditions are equivalent:
(i) (g, θ1, θ2) is irreducible.
(ii) (g, θ1, θ2)
d is irreducible.
(iii) (g, θ1, θ2)
a is irreducible.
Proof. As (g, θ1, θ2)
d = (g, θ2, θ1), the equivalence of (i) and (ii) is clear.
Further, an ideal of g is θ1- and (θ1θ2)-invariant if and only if it is θ1-
and θ2-invariant, from which the equivalence of (i) and (iii) follows. 
A compact semisimple symmetric triad (g, θ1, θ2) is decomposed into
irreducible ones (g1, θ1|g1 , θ2|g1), . . . , (gk, θ1|gk , θ2|gk) by
(g, θ1, θ2) = (g1, θ1|g1 , θ2|g1)⊕ · · · ⊕ (gk, θ1|gk , θ2|gk)
where g1, . . . , gk are non-trivial θ1- and θ2-invariant ideals of g and g has
a Lie algebra decomposition g = g1⊕· · ·⊕gk. If (g, θ1, θ2) is commuta-
tive, then each irreducible component (gi, θ1|gi , θ2|gi) is commutative.
By Lemma 4.4, we have
(g, θ1, θ2)
∗ = (g1, θ1|g1 , θ2|g1)∗ ⊕ · · · ⊕ (gk, θ1|gk , θ2|gk)∗.
Our concern here is to understand irreducible commutative compact
semisimple symmetric triads in the setting where g is semisimple but
not simple.
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Let u be a compact simple Lie algebra and ν an involution on u.
Then, the direct sum u⊕ u is a compact semisimple Lie algebra which
is not simple.
The following proposition is due to Matsuki [20, Proposition 2.2].
Proposition 4.11 ([20]). Let (g, θ1, θ2) be an irreducible commutative
compact semisimple symmetric triad. Suppose that g is not simple.
Then, there exists a compact simple Lie algebra u such that (g, θ1, θ2)
satisfies one of the followings:
(T-a) (g, θ1, θ2) ≡ (u⊕ u, ρ, ρ ◦ (ν ⊕ ν)) for some involution ν on u.
(T-b) (g, θ1, θ2) ≡ (u⊕ u, ρ, ν ⊕ ν) for some involution ν on u.
(T-c) (g, θ1, θ2) ≡ (u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23)). Here, involutions
ρ(12)(34) and ρ(14)(23) on u⊕ u⊕ u⊕ u are given by
ρ(12)(34)(X, Y, Z,W ) = (Y,X,W,Z),
ρ(14)(23)(X, Y, Z,W ) = (W,Z, Y,X)
for (X, Y, Z,W ) ∈ u⊕ u⊕ u⊕ u, respectively.
(T-d) (g, θ1, θ2) ≡ (u⊕u, ν⊕ν, ρ) for some involution ν on u. We note
that this is the dual compact symmetric triad of (u⊕u, ρ, ν⊕ν)
given in (T-b).
Commutative compact semisimple symmetric triads in (T-a)–(T-d)
have the following properties:
Lemma 4.12. Let u be a compact simple Lie algebra and ν an involu-
tion on u. Then, we have:
(1) (u⊕ u, ρ, ρ ◦ (ν ⊕ ν)) is self-dual.
(2) (u⊕ u, ρ, ν ⊕ ν)a = (u⊕ u, ρ, ρ ◦ (ν ⊕ ν)).
(3) (u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23)) is self-dual and self-associated.
(4) (u⊕ u, ν ⊕ ν, ρ) is self-associated.
Proof. (1) We define a Lie algebra isomorphism ϕν : u⊕u→ u⊕u
by
ϕν(X, Y ) = (ν(X), Y ) ((X, Y ) ∈ u⊕ u).
Then, the following equalities hold for any (X, Y ) ∈ u⊕ u:
ϕν ◦ ρ(ν ⊕ ν)(X, Y ) = ϕν(ν(Y ), ν(X)) = (Y, ν(X)),
ρ ◦ ϕν(X, Y ) = ρ(ν(X), Y ) = (Y, ν(X)).
This implies (u ⊕ u, ρ, ρ ◦ (ν ⊕ ν))d = (u ⊕ u, ρ ◦ (ν ⊕ ν), ρ) ≡
(u⊕ u, ρ, ρ ◦ (ν ⊕ ν)).
(2) This follows from the definition.
(3) We define an automorphism ρ(13) on u⊕ u⊕ u⊕ u by
ρ(13)(X, Y, Z,W ) = (Z, Y,X,W )
for (X, Y, Z,W ) ∈ u⊕ u⊕ u⊕ u. Then, we have
ρ(13) ◦ ρ(14)(23) = ρ(12)(34) ◦ ρ(13).
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This implies that
(u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23))d
= (u⊕ u⊕ u⊕ u, ρ(14)(23), ρ(12)(34))
≡ (u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23)).
Next, we set ρ(13)(24) := ρ(12)(34) ◦ ρ(14)(23). This is an involu-
tion given by
ρ(13)(24)(X, Y, Z,W ) = (Z,W,X, Y )
for (X, Y, Z,W ) ∈ u⊕u⊕u⊕u. Then, (u⊕u⊕u⊕u, ρ(12)(34), ρ(14)(23))a
is written as (u⊕u⊕u⊕u, ρ(12)(34) , ρ(13)(24)). Here, let us define
an involution ρ(34) on u⊕ u⊕ u⊕ u by
ρ(34)(X, Y, Z,W ) = (X, Y,W,Z).
Then, we have
ρ(34) ◦ ρ(12)(34) = ρ(12)(34) ◦ ρ(34),
ρ(34) ◦ ρ(13)(24) = ρ(14)(23) ◦ ρ(34).
Hence, we find out that (u ⊕ u ⊕ u ⊕ u, ρ(12)(34), ρ(14)(23))a is
equivalent to (u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23)).
(4) A direct computation shows that
(u⊕ u, ν ⊕ ν, ρ)a = (u⊕ u, ρ, ρ ◦ (ν ⊕ ν))ada
= (u⊕ u, ρ, ρ ◦ (ν ⊕ ν))dad.
As mentioned above, we obtain (u ⊕ u, ρ, ρν)d ≡ (u ⊕ u, ρ, ρ ◦
(ν ⊕ ν)), from which we get
(u⊕ u, ρ, ρ ◦ (ν ⊕ ν))dad ≡ (u⊕ u, ρ, ρ ◦ (ν ⊕ ν))ad
= (u⊕ u, ρ2 ◦ (ν ⊕ ν), ρ)
= (u⊕ u, ν ⊕ ν, ρ).
Hence, we have verified (u⊕ u, ν ⊕ ν, ρ)a ≡ (u⊕ u, ν ⊕ ν, ρ).
Therefore, Lemma 4.12 has been proved. 
The following corollary is an immediate consequence of Lemma 4.12.
However, we shall use it in the proof of Proposition 4.27. Thus, we will
state:
Corollary 4.13. For a compact simple Lie algebra u, we have (u⊕u⊕
u⊕ u, ρ(12)(34), ρ(13)(24)) ≡ (u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23)).
Proof. The left-hand side is the associated compact semisimple sym-
metric triad of (u⊕ u⊕ u⊕ u, ρ(12)(34), ρ(14)(23)) which is self-associated
by Lemma 4.12. Hence, we have obtained Corollary 4.13. 
Corollary 4.14. For a compact simple Lie algebra u and an involution
ν on u. we have (u⊕ u, ν ⊕ ν, ρ) ≡ (u⊕ u, ν ⊕ ν, ρ ◦ (ν ⊕ ν)).
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Proof. This follows from (u⊕ u, ν ⊕ ν, ρ)a = (u ⊕ u, ν ⊕ ν, ρ ◦ (ν ⊕ ν))
and (u⊕ u, ν ⊕ ν, ρ) is self-associated by Lemma 4.12. 
4.3. Correspondence of invariant ideals via duality theorem.
Let (g0, σ; θ) be a non-compact semisimple symmetric pair equipped
with a Cartan involution and (g, θ1, θ2) := (g0, σ; θ)
∗ the corresponding
commutative compact semisimple symmetric triad. In this subsection,
we consider the correspondence between the set of σ-invariant ideals
of g0 and that of θ1- and θ2-invariant ideals of g via our duality in
Theorem 3.6.
Thanks to Lemma 4.2, any σ-invariant ideal of g0 is automatically
θ-invariant. Then, we shall consider the set I(g0, σ; θ) of all σ- and
θ-invariant ideals of g0. Similarly, we denote by I(g, θ1, θ2) the set of
all θ1- and θ2-invariant ideals of g.
Theorem 4.15. The duality given by Theorem 3.6 gives rise to a one-
to-one correspondence between I(g0, σ; θ) and I(g, θ1, θ2).
Proof. Let us take any l0 ∈ I(g0, σ; θ). By Lemma 4.2, (l0, σ|l0; θ|l0)
is a non-compact semisimple symmetric pair equipped with a Cartan
involution. We write l0 = l
θ
0 + l
−θ
0 for the corresponding Cartan de-
composition of θ|l0 . We set l∗0 := lθ0 +
√−1l−θ0 . As θ1 = θ|g, this is
a θ1-invariant compact semisimple Lie algebra. Further, the relation
σθ = θσ shows that both lθ0 and l
−θ
0 are σ-invariant. As θ2 = σ|g, we
have
θ2(l
∗
0) = σ(l
θ
0) +
√−1σ(l−θ0 ) = lθ0 +
√−1l−θ0 = l∗0.
Hence, l∗0 is θ2-invariant. Therefore, (l
∗
0, θ1|l∗0 , θ2|l∗0) is a commutative
compact semisimple symmetric triad and it coincides with the dual
(l0, σ|l0; θ|l0)∗, namely,
(l∗0, θ1|l∗0 , θ2|l∗0) = (l0, σ|l0; θ|l0)∗ = Ψ(l0, σ|l0; θ|l0).(4.7)
Conversely, (l, θ1|l, θ2|l) is a commutative compact semisimple sym-
metric triad for l ∈ I(g, θ1, θ2). We set l∗ := lθ1 +
√−1l−θ1. Then, it is
θ- and σ-invariant and we obtain
(l∗, σ|l∗; θ|l∗) = (l, θ1|l, θ2|l)∗ = Φ(l, θ1|l, θ2|l).(4.8)
Next, we will verify that l∗0 = l
θ
0 +
√−1l−θ0 is an ideal of g if l0 ∈
I(g0, σ; θ) as follows. The inclusion [l0, g0] ⊂ l0 implies
([lθ0, g
θ
0] + [l
−θ
0 , g
−θ
0 ]) + ([l
θ
0, g
−θ
0 ] + [l
−θ
0 , g
θ
0]) ⊂ lθ0 + l−θ0 .
Then, we obtain
[lθ0, g
θ
0] + [l
−θ
0 , g
−θ
0 ] ⊂ lθ0, [lθ0, g−θ0 ] + [l−θ0 , gθ0] ⊂ l−θ0 .
Under the setting, [l∗0, g] is written as
[l∗0, g] = ([l
θ
0, g
θ
0] + [l
−θ
0 , g
−θ
0 ]) +
√−1([lθ0, g−θ0 ] + [lθ0, g−θ0 ]).
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Hence, [l∗0, g] is contained in l
θ
0+
√−1l−θ0 = l∗0, from which l∗0 is an ideal
of g. By the same argument as above, l∗ = lθ1 +
√−1l−θ1 is an ideal of
g0 if l ∈ I(g, θ1, θ2).
Therefore, the map Ψ : I(g0, σ; θ) → I(g, θ1, θ2), l0 7→ l∗0 is defined
by (4.7) and Φ : I(g, θ1, θ2) → I(g0, σ; θ), l 7→ l∗ by (4.8). Due to
Theorem 3.6, two maps are bijections and Φ−1 = Ψ.
As a conclusion, Theorem 4.15 has been proved. 
4.4. Equivalence of irreducibility via duality theorem. In the
following, we give a correspondence between irreducible non-compact
semisimple symmetric pairs and irreducible commutative compact semisim-
ple symmetric triads via our duality.
First, our duality preserves the irreducibility, namely, we prove:
Theorem 4.16. Let (g0, σ; θ) be a non-compact semisimple symmet-
ric pair equipped with a Cartan involution and (g, θ1, θ2) = (g0, σ; θ)
∗
the corresponding commutative compact semisimple symmetric triad
via Theorem 3.6. Then, (g0, σ) is irreducible (see Definition 4.1) if
and only if (g, θ1, θ2) is irreducible (see Definition 4.9).
Proof. Suppose (g0, σ) is irreducible. Then, the set I(g0, σ; θ) contains
only trivial ideals, namely, I(g0, σ; θ) = {{0}, g0}. By Theorem 4.15,
the set I(g, θ1, θ2) equals Ψ(I(g0, σ; θ)) = {{0}, g}. Hence, (g, θ1, θ2) is
irreducible. The opposite is also true, from which we omit its proof. 
In a case where a non-compact real Lie algebra g0 is simple and
has no complex structures, any (g0, σ) ∈ P is irreducible and then
(g, θ1, θ2) := (g0, σ)
∗ ∈ T is also irreducible. In particular, we know:
Proposition 4.17. Let (g0, σ) be a non-compact semisimple symmet-
ric pair and (g, θ1, θ2) the dual of (g0, σ) via Theorem 3.6. Then, the
compact Lie algebra g is simple if and only if the non-compact real Lie
algebra g0 is simple and has no complex structures.
Proof. This follows from the dual (g0, θ)
∗ for Riemannian symmetric
pair (see [10, Theorem 5.4 in Chapter VIII]). 
In what follows, we study the irreducible commutative compact semisim-
ple symmetric triad (g, θ1, θ2) = (g0, σ; θ)
∗ corresponding to an irre-
ducible non-compact semisimple symmetric pair (g0, σ; θ) which is one
of (P-a)–(P-d) of Corollary 4.8.
Theorem 4.18. Let (g0, σ; θ) be an irreducible non-compact semisim-
ple symmetric pair equipped with a Cartan involution. Then, the dual
(g0, σ; θ)
∗ satisfies (T-a) (resp. (T-b), (T-c), (T-d)) if and only if
(g0, σ) satisfies (P-a) (resp. (P-b), (P-c), (P-d)).
Our proof of Theorem 4.18 will be given in Sections 4.5 and 4.6.
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Theorem 4.18 provides an alternative proof of the classification of
irreducible non-compact semisimple symmetric pairs (g0, σ) via Theo-
rem 3.6 when g0 is either not simple or has a complex structure. In
fact, their classification can be reduced to that of compact semisim-
ple symmetric pairs, which is well-known (see [10] for example). More
precisely, (u⊕ u, ρ, ρ ◦ (ν ⊕ ν)) ≡ (u′ ⊕ u′, ρ, ρ ◦ (ν ′ ⊕ ν ′)) (see (T-a) of
Proposition 4.11) if (u, ν) ≡ (u′, ν ′) and so on.
4.5. Complex simple case. In this subsection, we treat the case
where a real Lie algebra is simple and has a complex structure.
Let g0 be a real simple Lie algebra equipped with a complex structure
J . We write s = (g0, J) for the complex simple Lie algebra. The
notation sR stands for the real semisimple Lie algebra by restricting
the coefficient field to R, equivalently, g0 = s
R. In this setting, we
give a description of the dual (g, θ1, θ2) of a non-compact semisimple
symmetric pair equipped with a Cartan involution (g0, σ; θ).
4.5.1. Corresponding compact Lie algebra. First of all, we find a de-
scription of the corresponding compact semisimple Lie algebra g. This
g is determined by the Riemannian symmetric pair (g0, θ) with (2.3).
Then, we will consider the dual (g, θ1) = (g0, θ)
∗ for Riemannian sym-
metric pairs (see Theorem 3.13).
The fixed point set k0 := g
θ
0 = (s
R)θ of the Cartan involution θ in
g0 is a compact real form of s. Then, p0 = g
−θ
0 = (s
R)−θ is written
by p0 = Jk0, from which we can write g0 = k0 + Jk0 for the Cartan
decomposition. We denote by X the complex conjugate of X ∈ s
with respect to k0, namely, X = X1 − JX2 for X = X1 + JX2 with
X1, X2 ∈ k0.
Let gC = g0+
√−1g0 be the complexification of the real Lie algebra
g0. Now, we define a map η : g0 +
√−1g0 → s⊕ s by
η(X +
√−1Y ) := (X + JY,X − JY ) (X, Y ∈ g0).(4.9)
The following lemma is due to [15, Theorem 6.94].
Lemma 4.19. The complexification gC = g0 +
√−1g0 is isomorphic
to s⊕ s as a complex Lie algebra via η.
Now, we will construct a compact real form g of gC. Let τ be the
complex conjugation on gC with respect to g0, namely,
τ(X +
√−1Y ) = X −√−1Y (X, Y ∈ g0).
We extend θ to a C-linear involution on gC. Obviously, θ commutes
with τ , from which µ := τθ is an anti-linear involution on gC. Then,
g := gµC is a compact real form of gC.
Lemma 4.20. The compact Lie algebra g is given by g = k0+
√−1Jk0
and is isomorphic to k0 ⊕ k0.
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Proof. A direct commutation shows that g = gθ0 +
√−1g−θ0 = k0 +√−1Jk0. For an element X ∈ s, the relation X = X holds if and only
if X lies in k0. For X, Y ∈ k0, we have
η(X +
√−1JY ) = (X + J(JY ), X − J(JY ))
= (X − Y,X + Y )
= (X − Y,X + Y ).
Hence, η(g) is contained in k0 ⊕ k0. As dim g = dim(k0 ⊕ k0), we have
η(g) = k0 ⊕ k0. Since η is an isomorphism, we conclude g ≃ η(g) =
k0 ⊕ k0. 
Second, the restriction of the C-linear involution θ ∈ Aut gC to g
becomes an involutive automorphism on g.
Lemma 4.21. The fixed point set gθ coincides with k0 and is isomor-
phic to diag(k0) = {(X,X) : X ∈ k0} in k0 ⊕ k0. Further, g−θ equals√−1Jk0 ≃ {(X,−X) : X ∈ k0}.
Proof. Recall that θ is anti-linear as a map on s = (g0, J), namely,
θ◦J = −J ◦θ and C-linear as a map on gC, namely, θ◦
√−1 = √−1◦θ.
Let X +
√−1JY ∈ g = k0 +
√−1Jk0. By k0 = gθ0 and Remark 4.7, we
have
θ(X +
√−1JY ) = θ(X)−√−1Jθ(Y ) = X −√−1JY.(4.10)
Then, θ(X +
√−1JY ) = X + √−1JY if and only if Y = 0. Thus,
we obtain gθ = k0. It follows from the proof of Lemma 4.20 that
k0 ≃ η(k0) = diag(k0).
Similarly, g−θ =
√−1Jk0 ≃ {(X,−X) : X ∈ k0} can be verified,
which we omit its detail. 
We remark that diag(k0) is a symmetric subalgebra of k0 ⊕ k0 which
is realized as the fixed point set of ρ (see (4.2) for definition). This
corresponds to θ on g in the sense of ηθ = τη. Hence, we get
Lemma 4.22. (g0, θ)
∗ ≡ (k0 ⊕ k0, ρ).
In the following, we consider an irreducible non-compact semisim-
ple symmetric pair equipped with a Cartan involution (g0, σ; θ). As
mentioned in Remark 4.7, an involution σ on the complex simple Lie
algebra s is either C-linear or anti-linear. Then, we deal with σ as a
C-linear involution in Section 4.5.2 and as an anti-linear one in Section
4.5.3. For this, we extend θ, σ ∈ Aut g0 to C-linear involutions on gC.
4.5.2. Complex linear case. Let us assume here that σ is C-linear on s,
namely, σ ◦ J = J ◦ σ. As θσ = σθ, k0 is σ-invariant, and then we have
σ(X +
√−1JY ) = σ(X) +√−1Jσ(Y ) (X, Y ∈ k0).
Hence, gσ is expressed as gσ = kσ0 +
√−1Jkσ0 ≃ η(gσ) = kσ0 ⊕ kσ0 . Here,
the subalgebra kσ0 ⊕ kσ0 is the fixed point set of the involution σ ⊕ σ on
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k0 ⊕ k0. Since s is simple, the compact Lie algebra k0 is also simple.
Consequently, we have proved:
Proposition 4.23 (Proof of (P-b) ⇔ (T-b) of Theorem 4.18). Let g0
be a real simple Lie algebra with a complex structure J . If an involution
σ is C-linear on s = (g0, J), then we have
(g0, σ; θ)
∗ ≡ (k0 ⊕ k0, ρ, σ ⊕ σ).
4.5.3. Anti-linear case. On the other hand, we assume that σ is anti-
linear on s, namely, σ ◦ J = −J ◦ σ. Equivalently, sσ is a real form of
s. Then,
σ(X +
√−1JY ) = σ(X)−√−1Jσ(Y ) (X, Y ∈ k0).
This implies that gσ = kσ0 +
√−1Jk−σ0 and
η(gσ) = {(X − Y,X + Y ) : X ∈ kσ0 , Y ∈ k−σ0 } = {(X, σ(X)) : X ∈ k0}.
This is a symmetric subalgebra of k0 ⊕ k0 which is realized as the fixed
point set of ρ ◦ (σ ⊕ σ). Therefore, we obtain:
Proposition 4.24 (Proof of (P-a) ⇔ (T-a) of Theorem 4.18). Let g0
be a real simple Lie algebra with a complex structure J . If an involution
σ is anti-linear on s = (g0, J), then we have
(g0, σ; θ)
∗ ≡ (k0 ⊕ k0, ρ, ρ ◦ (σ ⊕ σ)).
Remark 4.25. (k0 ⊕ k0, ρ, ρ ◦ (σ ⊕ σ)) is not equivalent to (k0 ⊕ k0, ρ, ρ)
unless σ is a Cartan involution of g0.
4.6. Non-simple case. In this subsection, we deal with the case where
a semisimple real Lie algebra is not simple.
Let (g0, σ; θ) be an irreducible non-compact semisimple symmetric
pair equipped with a Cartan involution. Suppose that g0 is not simple.
Recall from Proposition 4.6 that it is equivalent to (g′0 ⊕ g′0, ρ; θ|g′0 ⊕
θ|g′0) for some real simple Lie algebra g′0. Thus, it suffices to consider
(g′0 ⊕ g′0, ρ; θ|g′0 ⊕ θ|g′0) in this case. For convenience, we shall write
θ′ := θ|g′0 .
If g′0 has no complex structures, we have:
Proposition 4.26 (Proof of (P-d) ⇔ (T-d) of Theorem 4.18). Let g′0
be a non-compact real simple Lie algebra without complex structures.
Then, the dual of (g′0 ⊕ g′0, ρ; θ′ ⊕ θ′) is given by
(g′0 ⊕ g′0, ρ; θ′ ⊕ θ′)∗ ≡ (g′ ⊕ g′, θ′ ⊕ θ′, ρ).
Here, the compact simple Lie algebra g′ is characterized by (g′, θ′) =
(g0, θ
′)∗.
Proof. This is an immediate consequence of Theorem 3.6. 
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Next, let us consider the case where g′0 has a complex structure J
′,
namely, s′ = (g′0, J
′) is a complex simple Lie algebra. By Lemma
4.19, the complexification (g′0)C of g
′
0 is isomorphic to s
′
0 ⊕ s′0 as a
complex Lie algebra via η′ : g′0 +
√−1g′0 → s′0 ⊕ s′0 (see (4.9)). Since
gC = (g
′
0 ⊕ g′0)C = (g′0)C ⊕ (g′0)C, we obtain
η′ ⊕ η′ : gC = (g′0 ⊕ g′0)C ≃ s′0 ⊕ s′0 ⊕ s′0 ⊕ s′0.
The maximal compact subalgebra k′0 := (g0)
θ′ of g′0 is simple and a
compact real form of s′. Then, it follows from Lemma 4.20 that
g′ ⊕ g′ ≃ k′0 ⊕ k′0 ⊕ k′0 ⊕ k′0.
Applying Lemma 4.21, the fixed point set (g′ ⊕ g′)θ′⊕θ′ = k′0 ⊕ k′0 is
isomorphic to
(g′ ⊕ g′)θ′⊕θ′ ≃ diag(k′0)⊕ diag(k′0) = (k′0 ⊕ k′0 ⊕ k′0 ⊕ k′0)ρ(12)(34) ,
and (g′ ⊕ g′)ρ = diag g′ is
(g′ ⊕ g′)ρ ≃ (k′0 ⊕ k′0 ⊕ k′0 ⊕ k′0)ρ(13)(24) .
This implies that
(g′ ⊕ g′, θ′ ⊕ θ′, ρ) ≡ (k′0 ⊕ k′0 ⊕ k′0 ⊕ k′0, ρ(12)(34), ρ(13)(24)).
By Corollary 4.13, we conclude:
Proposition 4.27 (Proof of (P-c) ⇔ (T-c) of Theorem 4.18). Let g′0
be a real simple Lie algebra with a complex structure. Then, we have
(g′0 ⊕ g′0, ρ; θ′ ⊕ θ′)∗ ≡ (k′0 ⊕ k′0 ⊕ k′0 ⊕ k′0, ρ(12)(34), ρ(14)(23)).
with k′0 = (g
′
0)
θ′.
By Propositions 4.23, 4.24, 4.26 and 4.26, Theorem 4.18 has been
completely proved.
4.7. Semisimple symmetric pair of type Kε. In this subsection, we
deal with a certain class in non-compact semisimple symmetric pairs,
namely, symmetric pairs of type Kε.
4.7.1. Symmetric pair of type Kε. The original definition of symmet-
ric pairs of type Kε is given by Oshima–Sekiguchi in [22], and after
that a necessary and sufficient condition on a non-compact semisimple
symmetric pair to be of type Kε is provided by Kaneyuki in [14]. This
paper would adopt Kaneyuki’s criterion as a definition.
Let g0 be a non-compact real semisimple Lie algebra. Suppose we
are given a Z-grading of m-th kind, namely, g0 is decomposed into the
sum of 2m+ 1 subspaces for some positive integer m as
g0 =
m∑
k=−m
g0(k)(4.11)
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under the relations [g0(k), g0(l)] ⊂ g0(k + l) for −m ≤ k, l ≤ m,
g0(±m) 6= {0} and g0(k) = {0} for |k| > m. We note that g0(0) is
a reductive Lie algebra.
The next lemma is well-known, however its proof might not be writ-
ten in any paper. Then, we will explain the proof below.
Lemma 4.28. Retain the setting as above. Then, there exists Z ∈
g0(0) uniquely such that ad(Z)|g0(k) = k idg0(k) for −m ≤ k ≤ m.
Proof. Let ϕ be a linear transformation on g0 satisfying ϕ|g0(k) =
k idg0(k) for any −m ≤ k ≤ m. We take arbitrary elements Xk ∈ g0(k)
and Xl ∈ g0(l). In view of [Xk, Xl] ∈ g0(k + l), we have ϕ([Xk, Xl]) =
(k + l)[Xk, Xl]. On the other hand, the direct computation shows
[ϕ(Xk), Xl] + [Xk, ϕ(Xl)] = [kXk, Xl] + [Xk, lXl] = (k + l)[Xk, Xl].
Thus, we obtain ϕ([Xk, Xl]) = [ϕ(Xk), Xl] + [Xk, ϕ(Xl)] for any k, l.
Hence, ϕ is a derivation on g0. As g0 is semisimple, any derivation is
an inner automorphism on g0 (cf. [10, Proposition 6.4 in Chapter II]).
Hence, there exists Z ∈ g0 uniquely such that ϕ = adZ.
Next, let us show Z that lies in g0(0). For this, we write Z =∑m
k=−m Zk along the Z-grading (4.11) (Zk ∈ g0(k)). Since [Zk, g0(l)] is
contained in g0(k + l), the following inclusion holds for −m ≤ l ≤ m:
ϕ(g0(l)) = (adZ)(g0(l)) =
m∑
k=−m
[Zk, g0(l)] ⊂
m∑
k=−m
g0(k + l).
On the other hand, the definition ϕ|g0(l) = l idg0(l) implies ϕ(g0(l)) =
g0(l). Then, [Zk, g0(l)] must be {0} for any l and k 6= 0. Thus,
[Zk, g0] = {0}, for k 6= 0. As g0 is semisimple, we get Zk = 0 for
k 6= 0. Consequently, Z = Z0 ∈ g0(0). 
Definition 4.29. We say that the element Z ∈ g0 satisfying Lemma
4.28 is the characteristic element of the Z-grading (4.11).
By Lemma 4.28, the subspace g0(k) is characterized by Z, namely,
it is of the form:
g0(k) = {X ∈ g0 : (adZ)X = kX} (−m ≤ k ≤ m).(4.12)
Then, it follows from [7, Theorem I.2.3 in Part II] that there exists a
Cartan involution θ of g0 such that
θ(Z) = −Z,(4.13)
and also follows from [14, Lemma 1.4] that such θ are unique up to
conjugation by inner automorphisms on g0(0). This implies θ(g0(k)) =
g0(−k) for any k. In this sense, θ is called a grade-reversing Cartan
involution associated with (4.11).
Definition 4.30. We call the pair (Z, θ) with (4.12) and (4.13) the
associated pair of the Z-grading (4.11).
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In this setting, we define σZ by
σZ := e
pi
√−1 adZ .(4.14)
Then, we have σZ(Xk) = e
pi
√−1kXk = (−1)kXk for any Xk ∈ g0(k).
This shows that σZ defines an involution on g0.
Lemma 4.31. Let (Z, θ) be the associated pair of a Z-grading of g0.
Then, the involution σZ is commutes with θ. Hence, σZθ is an involu-
tion on g0 commuting with θ.
Proof. It suffices to show Lemma 4.31 on each eigenspace g0(k) (k ∈ Z).
Let us give a Z-grading of g0 by (4.11) which is characterized by Z.
As θ(g0(k)) = g0(−k), we have σZθ(Xk) = (−1)−kθ(Xk) = (−1)kθ(Xk) =
θσZ(Xk), from which σZθ(Xk) = θσZ(Xk) for any element Xk ∈ g0(k).
Hence, σZθ = θσZ on g0.
The second statement is obvious from the first one. 
Lemma 4.31 explains that (g0, σZθ; θ) is a non-compact semisimple
symmetric pair equipped with a Cartan involution.
Definition 4.32 ([14, Proposition 2.1]). We say that a non-compact
semisimple symmetric pair (g0, σ) is of type Kε if (and only if) there
exists a Z-grading of g0 and its associated pair (Z, θ) such that σ = σZθ.
Our equivalence relation ≡ on P preserves Definition 4.32. More
precisely, we show:
Lemma 4.33. Let (g0, σ), (g
′
0, σ
′) be non-compact semisimple symmet-
ric pairs. If (g0, σ) is of type Kε and (g0, σ) ≡ (g′0, σ′), then (g′0, σ′) is
of type Kε.
Proof. Let us give a Z-grading (4.11) of g0 and its associated pair (Z, θ)
satisfying σ = σZθ. By Lemma 3.1, (g0, σ; θ) ∈ Pc is equivalent to
(g′0, σ
′; θ′) for any Cartan involution θ′ of g0 commuting with σ′. We
take a Lie algebra isomorphism ϕ : g → g′ satisfying ϕθ = θ′ϕ and
ϕσ = σ′ϕ.
We set g′0(k) := ϕ(g0(k)) for each k. Then, g
′
0 is decomposed as
g′0 = ϕ(g0) =
m∑
k=−m
g′0(k),(4.15)
which defines a Z-grading of g′0. Moreover, Z
′ := ϕ(Z) is the character-
istic element of (4.15) because Xk ∈ g0(k) satisfies (adϕ(Z))ϕ(Xk) =
ϕ((adZ)Xk) = ϕ(kXk) = kϕ(Xk). Further, the condition ϕθ = θ
′ϕ im-
plies θ′(Z ′) = ϕ(θ(Z)) = ϕ(−Z) = −Z ′. Thus, θ′ is a grade-reversing
Cartan involution of g0 and then (Z
′, θ′) is the associated pair of (4.15).
Finally, the commutativity σ′ϕ = ϕσ and σ = epi
√−1 adZθ show
σ′ = ϕ(epi
√−1 adZθ)ϕ−1 = epi
√−1 adϕ(Z)ϕθϕ−1 = σZ′θ′.
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Therefore, the non-compact semisimple symmetric pair (g′0, σ
′) is of
type Kε. 
The aim of this subsection is to clarify a certain class in commutative
compact semisimple symmetric triads which corresponds to the class
of non-compact semisimple symmetric pairs of type Kε via Theorem
3.6.
4.7.2. Dual of symmetric pair of type Kε. First, we give a characteri-
zation of the dual of a non-compact semisimple symmetric pair of type
Kε in the sense of Theorem 3.6, on which we will explain in Proposition
4.35 after the next lemma.
Lemma 4.34. Let g0 be a real Lie algebra and ν an involution on g0. If
an element Y ∈ g0 satisfies ν(Y ) = −Y , then we have eadY ν = νe− adY .
Proof. For any X ∈ g0, we have
eadY νead Y (X) = eadY ead ν(Y )ν(X) = ead Y e− ad Y ν(X) = ν(X).

Proposition 4.35. Let (g0, σ) be a non-compact semisimple symmetric
pair of type Kε and (g, θ1, θ2) = (g0, σ)
∗ the corresponding commutative
compact semisimple symmetric triad via Theorem 3.6. Then, there
exists an element Y ∈ g such that
θ2 = e
adY θ1e
− adY .(4.16)
Proof. We take a Z-grading of g0 and its associated pair (Z, θ) satisfying
σ = σZθ. We set
Y :=
pi
√−1
2
Z.
Then, it follows from (4.14) that σZ coincides with e
ad(2Y ). Here, the
relation (4.13) means the element Z is contained in g−θ0 , in particular,
Y ∈ √−1g−θ0 ⊂ gθ0 +
√−1g−θ0 = g.
Two involutions θ1 and θ2 form θ1 = θ and θ2 = σ = σZθ = e
ad(2Y )θ,
respectively. By Lemma 4.34, ead(2Y )θ equals eadY θe− adY . Hence, we
get θ2 = e
adY θ1e
− adY . 
Our next concern is a commutative compact symmetric triad (g, θ1, θ2)
with the property (4.16). For our argument below, we introduce a re-
lation between two involutions by (4.16). Namely,
Definition 4.36. Two involutions θ1, θ2 on g satisfy θ1 ∼ θ2 if the
condition (4.16) holds for some Y ∈ g.
This relation defines an equivalence relation on the set of involutions
on g.
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4.7.3. Compact symmetric triad with (4.16). In this subsection, we
study commutative compact semisimple symmetric triads with prop-
erty (4.16).
Let g be a compact semisimple Lie algebra and θ1 an involution on
g. We write g = k1 + p1 for the eigenspace decomposition with (+1)-
eigenspace k1 = g
θ1 and (−1)-eigenspace p1 = g−θ1 .
Lemma 4.37. (1) eadY1θ1e
− adY1 = θ1 for any Y1 ∈ k1.
(2) eadZ1θ1e
adZ1 = θ1 for any Z1 ∈ p1.
Proof. Lemma 4.37 is an immediate consequence of Lemma 4.34. 
Let us denote by Int g the adjoint group of g, namely, the analytic
subgroup of the general linear group GL(g) with Lie algebra ad g. As
g is semisimple, we identify ad g with g. Since Int g is compact, we can
write
Int g = exp(ad g) = {eadY : Y ∈ g}.(4.17)
Let G be Int g. For an arbitrary involution ν on g, we can lift ν to an
involution on G via (4.17), which we use the same letter ν to denote.
We set K1 as the identity component of the fixed point set G
θ1 . Then,
K1 is a connected closed subgroup of G with Lie algebra k1. Let a1 be
a maximal abelian subspace in p1. It is well-known fact that we have
a compact Lie group decomposition (see [10, Theorem 6.7 in Chapter
V], for example)
G = K1(exp a1)K1.(4.18)
We will fix a G-invariant inner product 〈·, ·〉 on g. We extend adA ∈
ad g for any A ∈ g to a C-linear transformation on the complexified gC.
This is diagonalizable and its eigenvalues are pure imaginary numbers.
For λ ∈ a1, we write
gC(a1 : λ) := {X ∈ gC : (adA)X =
√−1〈λ,A〉X (∀A ∈ a1)}
for the restricted root space with restricted root λ. We set
Σ ≡ Σ(gC, a1) := {λ ∈ a1 − {0} : gC(a1 : λ) 6= {0}}.
Then, Σ satisfies the axiom of root systems. In particular, if λ ∈ Σ
then −λ ∈ Σ. Thus, gC is decomposed into the restricted root spaces
as follows:
gC = z(a1) +
∑
λ∈Σ
gC(a1 : λ).(4.19)
Here, we write z(a1) = gC(a1 : 0) for the centralizer of a1 in gC.
Now, let (g, θ1, θ2) be a commutative compact semisimple symmetric
triad with θ1 ∼ θ2. We write θ2 = eadY θ1e− adY for some Y ∈ g. Due
to the decomposition (4.18), we can write eadY ∈ G as
eadY = ead Y1eadZ1ead Y2 (Y1, Y2 ∈ k1, Z1 ∈ a1).(4.20)
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By Lemma 4.37, the involution θ2 forms
θ2 = e
adY1eadZ1(eadY2θ1e
− adY2)e− adZ1e− adY1(4.21)
= eadY1eadZ1θ1e
− adZ1e− adY1
= θ1e
ad Y1e−2 adZ1e− ad Y1 = eadY1e2 adZ1e− adY1θ1.
Then, we have θ1θ2 = e
adY1e− ad(2Z1)e− adY1 and θ2θ1 = ead Y1ead(2Z1)e− adY1 .
Hence, the commutativity θ1θ2 = θ2θ1 implies
Lemma 4.38. ead(2Z1) = e− ad(2Z1). In particular, ead(4Z1) = idg.
Let us take λ ∈ Σ and 0 6= Xλ ∈ gC(a1 : λ). By Lemma 4.38, we
have
Xλ = idgC Xλ = e
ad 4Z1Xλ = e
√−1〈λ,4Z1〉Xλ.
This means that e
√−1〈λ,4Z1〉 = 1, which obtains 〈λ, 4Z1〉 ∈ 2piZ. In view
of this observation, we set
Γ :=
{
A ∈ a1 : 〈λ,A〉 ∈ pi
2
Z (∀λ ∈ Σ)
}
.(4.22)
Therefore, we conclude:
Proposition 4.39. Let (g, θ1, θ2) be a commutative compact semisim-
ple symmetric triad. If the relation θ1 ∼ θ2 holds, then there exists
Z1 ∈ Γ such that
(g, θ1, θ2) ≡ (g, θ1, eadZ1θ1e− adZ1).
Using Proposition 4.39, it turns out that:
Proposition 4.40. Let (g, θ1, θ2) be a commutative compact semisim-
ple symmetric triad. If θ1 ∼ θ2, then (g, θ1, θ2) is self-dual.
Proof. By Proposition 4.39 and Lemma 2.8, we shall show
(g, θ1, e
adZ1θ1e
− adZ1)d ≡ (g, θ1, eadZ1θ1e− adZ1)
for Z1 ∈ Γ. By Lemmas 4.37 and 4.38, the involution eadZ1θ1e− adZ1
equals
eadZ1θ1e
− adZ1 = ead 2Z1θ1 = e− ad 2Z1θ1 = e− adZ1θ1eadZ1 .
Then, we have
(g, θ1, e
adZ1θ1e
− adZ1)d = (g, eadZ1θ1e− adZ1, θ1)
= (g, e− adZ1θ1e
adZ1, θ1)
≡ (g, θ1, eadZ1θ1e− adZ1).
Hence, Proposition 4.40 has been proved. 
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4.7.4. Dual of commutative compact symmetric triad with θ1 ∼ θ2. The
next theorem is a key for the study of the dual of a commutative com-
pact semisimple symmetric triad (g, θ1, θ2) with θ1 ∼ θ2. The following
theorem is converse to Proposition 4.35.
Theorem 4.41. Let g be a compact semisimple Lie algebra, θ1 an in-
volution on g and Z1 an element of Γ (see (4.22)). For the commuta-
tive compact semisimple symmetric pair (g, θ1, e
adZ1θ1e
− adZ1), the dual
(g, θ1, e
adZ1θ1e
− adZ1)∗ is of type Kε.
In order to prove Theorem 4.41, we begin with a general setup, based
on [25]. For this, we keep the setting as in Section 4.7.3.
Let us take and fix Z1 ∈ Γ. We choose a positive system Σ+ of Σ
characterized by Z1, namely,
Σ+ := {λ ∈ Σ : 〈λ, Z1〉 > 0},(4.23)
Σ− := −Σ+ = {−λ : λ ∈ Σ+} and Σ0 := {λ ∈ Σ : 〈λ, Z1〉 = 0}. Then,
the restricted root Σ = Σ(gC, a1) is decomposed into the disjoint union
Σ = Σ+ ⊔ Σ− ⊔ Σ0. Obviously, −λ ∈ Σ0 if λ ∈ Σ0.
For each λ ∈ Σ, we define a subspace V (λ) in g by
V (λ) := {X ∈ g : (adA)2X = −〈λ,A〉2X (∀A ∈ a1)}.(4.24)
By definition, V (−λ) = V (λ) for any λ ∈ Σ. As a1 ⊂ p1, V (λ)
is θ1-invariant. We set k1(λ) := V (λ) ∩ k1 and p1(λ) := V (λ) ∩ p1.
Then, V (λ) = k1(λ) + p1(λ) is the eigenspace decomposition of θ1.
Further, the complexification V (λ)C = V (λ)+
√−1V (λ) ⊂ gC coincides
with the sum of two restricted root spaces gC(a1 : λ) + gC(a1 : −λ).
On the other hand, the centralizer z(a1) of a1 in gC is of the form
z(a1) = (zk1(a1) + a1)C where zk1(a1) denotes the centralizer of a1 in
k1. Thus, the restricted root space decomposition (4.19) of gC is the
complexification of zk1(a1) + a1 +
∑
λ∈Σ+⊔Σ0 V (λ). Hence, we get a
decomposition of g as follows:
g = zk1(a1) + a1 +
∑
λ∈Σ+⊔Σ0
(k1(λ) + p1(λ)),(4.25)
and the ones of k1 and p1, respectively, as follows:
k1 = zk1(a1) +
∑
λ∈Σ+⊔Σ0
k1(λ),(4.26)
p1 = a1 +
∑
λ∈Σ+⊔Σ0
p1(λ).(4.27)
Next, we consider a linear transformation fλ on g for each λ ∈ Σ
defined by
fλ(X) = 〈λ, λ〉−1(adλ)(X) (X ∈ g).
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This induces a linear transformation on V (λ) = V (−λ). Indeed, the
following equality holds for any A ∈ a1:
(adA)2((adλ)X) = (adλ)(adA)2X
= (adλ)(−〈λ,A〉2X)
= −〈λ,A〉2((adλ)X).
Lemma 4.42. 〈fλ(X1), fλ(X2)〉 = 〈X1, X2〉 for any X1, X2 ∈ V (λ).
Proof. Since the inner product 〈·, ·〉 isG-invariant, we have 〈(adλ)Y1, Y2〉 =
−〈Y1, (adλ)Y2〉 for Y1, Y2 ∈ g. We compute
〈fλ(X1), fλ(X2)〉 = 〈λ, λ〉−2〈(adλ)X1, (adλ)X2〉
= −〈λ, λ〉−2〈X1, (adλ)2X2〉
= −〈λ, λ〉−2〈X1,−〈λ, λ〉2X2〉
= 〈X1, X2〉.
Hence, Lemma 4.42 has been verified. 
This implies that fλ is regular on V (λ), and the inverse (fλ|V (λ))−1
of the restriction of fλ to V (λ) coincides with f−λ|V (λ).
Here, the image fλ(k1(λ)) is contained in p1(λ) because for X ∈ k1(λ)
θ1(fλ(X)) = 〈λ, λ〉−1(ad θ1(λ))θ1(X) = −〈λ, λ〉−1(adλ)X = −fλ(X).
Similarly, we have fλ(p1(λ)) ⊂ k1(λ). Hence, fλ yields a linear isomor-
phism from k1(λ) to p1(λ). Now, we set dλ := dim k1(λ) = dim p1(λ).
Let {Sλi : 1 ≤ i ≤ dλ} be an orthonormal basis of k1(λ). We set
T λi := fλ(S
λ
i ) for 1 ≤ i ≤ dλ. By Lemma 4.42, {T λi : 1 ≤ i ≤ dλ} is an
orthonormal basis of p1(λ).
Lemma 4.43. The following equalities hold for each i = 1, 2, . . . .dλ
and any A ∈ a1:
(adA)Sλi = 〈λ,A〉T λi ,(4.28)
(adA)T λi = −〈λ,A〉Sλi .(4.29)
Proof. Let us verify (4.28). Suppose A ∈ a1 satisfies 〈λ,A〉 = 0. Then,
〈λ,A〉T λi equals zero. On the other hand, we compute
〈(adA)Sλi , (adA)Sλi 〉 = −〈Sλi , (adA)2Sλi 〉
= −〈Sλi ,−〈λ,A〉2Sλi 〉
= 0.
Thus, we have (adA)Sλi = 0, which coincides with 〈λ,A〉T λi .
In a general case where A ∈ a1 satisfies 〈λ,A〉 6= 0, we put A′ =
A − 〈λ, λ〉−1〈λ,A〉λ ∈ a1. Then, we have 〈λ,A′〉 = 0. This relation
explains (adA′)Sλi = 0. Hence, we obtain
(adA)Sλi = (adA
′)Sλi + 〈λ, λ〉−1〈λ,A〉(adλ)Sλi = 〈λ,A〉T λi .
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This implies (4.28) for any A ∈ a1.
The equality (4.29) follows from f−1λ ((adA)S
λ
i ) = f
−1
λ (〈λ,A〉T λi ).
Indeed, we have f−1λ ((adA)S
λ
i ) = f−λ((adA)S
λ
i ) = −(adA)T λi and
f−1λ (〈λ,A〉T λi = 〈λ,A〉Sλi .
Therefore, Lemma 4.43 has been proved. 
We are ready to give a proof of Theorem 4.41.
Proof of Theorem 4.41. We set (g0, σ; θ) = (g, θ1, e
adZ1θ1e
− adZ1)∗. By
(3.3), we write g0 = k1 +
√−1p1, θ = θ1 and σ = eadZ1θ1e− adZ1 . By
the observation of (4.25), g0 is decomposed as follows
g0 = zk1(a1) +
√−1a1 +
∑
λ∈Σ+⊔Σ0
(k1(λ) +
√−1p1(λ)).(4.30)
Using an element Z1 ∈ Γ, we define Z ∈
√−1a1 by
Z =
2Z1
pi
√−1 .(4.31)
Then, we will show that one can find a Z-grading of g0 whose charac-
teristic element is Z. Namely, g0 is of the form g0 =
∑
k∈Z g0(k) under
g0(k) = {X ∈ g0 : (adZ)X = kX}.
Now, we fix λ ∈ Σ+ and take a basis of k1(λ) +
√−1p1(λ) as {Sλi ±√−1T λi : 1 ≤ i ≤ dλ}. Then, it follows from the relations (4.28) and
(4.29) that for each i = 1, 2, . . . , dλ we have
ad(Z)(Sλi ±
√−1T λi ) = ∓
√−1〈λ, Z〉(Sλi ±
√−1T λi ).
Since Z1 ∈ Γ satisfies 2〈λ, Z1〉 ∈ piZ (see (4.22)) and our choice of
the positive system Σ+ is characterized by Z1 (see (4.23)), the number√−1〈λ, Z〉 = 2pi−1〈λ, Z1〉 is a positive integer. Hence, we get the
following inclusion:
k1(λ) +
√−1p1(λ) ⊂ g0(
√−1〈λ, Z〉) + g0(−
√−1〈λ, Z〉).
Consequently, the subspace g0(k) + g0(−k) for a positive integer k is
decomposed into as follows:
g0(k) + g0(−k) =
∑
λ∈Σ+√−1〈λ,Z〉=k
(k1(λ) +
√−1p1(λ)).
Clearly, the eigenspace g0(0) with eigenvalue 0 coincides with zk1(a1)+√−1a1 +
∑
λ∈Σ0(k1(λ) +
√−1p1(λ)). Therefore, it follows from (4.30)
that
g0 = g0(0) +
∑
k∈Z+
(g0(k) + g0(−k)) =
∑
k∈Z
g0(k)(4.32)
which is a Z-grading of g0 characterized by Z.
As Z1 ∈ a1, we have θ(Z) = −Z. Hence, θ is a grade-reversing
Cartan involution of g0, from which (Z, θ) is the associated pair of the
Z-grading (4.32).
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Finally, combining Lemma 4.37 with (4.31), σ = eadZ1θ1e
− adZ1 =
ead(2Z1)θ1 = e
pi
√−1 adZθ = σZθ. Thus, (g0, σ) is of type Kε (see Defini-
tion 4.32).
As a result, Theorem 4.41 has been proved. 
4.7.5. A characterization of symmetric pair of type Kε. As a result, we
establish a new characterization for a non-compact semisimple symmet-
ric pair to be of type Kε by Theorem 3.6 as follows:
Theorem 4.44. Let (g0, σ) be a non-compact semisimple symmetric
pair and (g, θ1, θ2) := (g0, σ)
∗ the corresponding commutative compact
semisimple symmetric triad. Then, the following conditions are equiv-
alent:
(i) (g0, σ) is of type Kε (see Definition 4.32).
(ii) θ1 ∼ θ2 (see Definition 4.36).
Proof. The implication (i)⇒ (ii) is an immediate consequence of Propo-
sition 4.35.
Let us assume (g, θ1, θ2) satisfies θ1 ∼ θ2. By Proposition 4.39, there
exists Z1 ∈ Γ such that (g, θ1, θ2) ≡ (g, θ1, eadZ1θ1e− adZ1). Thanks
to Theorem 4.41, the dual (g, θ1, e
adZ1θ1e
− adZ1)∗ is of type Kε. As
Lemma 4.33, (g0, σ) = (g, θ1, θ2)
∗ ≡ (g, θ1, eadZ1θ1e− adZ1)∗ is of type
Kε. Hence, the implication (ii) ⇒ (i) also holds. 
Example 4.45. Let us consider a non-compact semisimple symmetric
pair (g0, σ) where g0 = sl(n,R) = {X ∈ M(n,R) : TrX = 0} and
σ(X) = −I2p,n−2ptXI2p,n−2p for 0 < 2p < n. Here, I2p,n−2p ∈ M(n,R)
stands for the diagonal matrix given by (2.8). Then, the fixed point
set gσ0 equals so(2p, n− 2p) (see (2.10) for realization).
We take an element Z of g0 as
Z = diag(1, . . . , 1︸ ︷︷ ︸
p
,−1, . . . ,−1︸ ︷︷ ︸
p
, 0, . . . , 0︸ ︷︷ ︸
n−2p
).
Then, the Lie algebra g0 has a Z-grading of second kind. Let us choose a
Cartan involution θ of g0 commuting with σ as θ(X) = − tX (X ∈ g0).
Clearly, θ is a grade-reversing Cartan involution, and then (Z, θ) is the
associated pair of this Z-grading. Moreover, the direct computation
shows σ = σZθ.
On the other hand, the commutative compact semisimple symmetric
triad (g, θ1, θ2) corresponding to (g0, σ) via Theorem 3.6 is character-
ized as follows. The compact simple Lie algebra g is su(n) = {X ∈
M(n,C) : tX +X = O}, and the fixed point sets gθ1 and gθ2 are given
by gθ1 = {X ∈ su(n) : X = X} = so(n) and gθ2 = {X ∈ su(n) :
I2p,n−2pXI2p,n−2p = X}, respectively. Thus, we obtain gθ1 ≃ gθ2 via the
Lie algebra isomorphism gθ1 → gθ2 , X 7→ I2p,n−2pXI2p,n−2p. Further-
more, we have θ2 = e
adZ1θ1e
− adZ1 for Z1 =
pi
√−1
2
Z. Hence, θ1 ∼ θ2.
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Finally, we end this subsection by the following corollary.
Corollary 4.46. A non-compact semisimple symmetric pair (g0, σ) of
type Kε is self-dual.
Proof. Let θ be a Cartan involution of g0 commuting with σ and
(g, θ1, θ2) = (g0, σ)
∗ the commutative compact semisimple symmetric
triad corresponding to (g0, σ). It follows from Theorem 4.44 (or Propo-
sition 4.35) that θ1 ∼ θ2. By Proposition 4.40, (g, θ1, θ2)d ≡ (g, θ1, θ2).
Using Proposition 3.12, we have
(g0, σ; θ)
d = (g0, σ; θ)
∗d∗ = (g, θ1, θ2)d∗ ≡ (g, θ1, θ2)∗ = (g0, σ; θ).
Hence, Corollary 4.46 has been proved. 
As we have seen in Example 4.45, it happens that (g, θ1, θ2) :=
(g0, σ; θ)
∗ 6≡ (g0, θ; θ)∗ = (g, θ1, θ1) for any non-compact semisimple
symmetric pair (g0, σ; θ) of type Kε. This fact exhibits the difficulty
in specifying the dual of a commutative compact semisimple symmet-
ric triad (g, θ1, θ2). Then, we need to find a systematic description of
(g, θ1, θ2)
∗ whether θ1 ∼ θ2 or not, which is an essential part of our
method to classify pseudo-Riemannian simple symmetric pairs.
Loosely speaking, our method consists of two parts. One is that we
shall give a characterization of commutative compact semisimple sym-
metric triads in terms of symmetric triads with multiplicities which
has been introduced by the second author in [12]. The other is to de-
termine the intersection gθ1 ∩ gθ2 from (g, θ1, θ2) ∈ T. In fact, we will
classify commutative compact simple symmetric triads up to the equiv-
alence relation ≡. Then, we shall gain the classification of non-compact
pseudo-Riemannian simple symmetric pairs as the dual of commutative
compact simple symmetric triads, which provides an alternative proof
of it due to Berger. The detail will be explained in the forthcoming
paper [2].
5. Appendix
This appendix concentrates on the notion of irreducible non-compact
pseudo-Riemannian semisimple symmetric pairs. Throughout this sec-
tion, let (g0, σ) be a non-compact semisimple symmetric pair and we
set h0 := g
σ
0 , q0 := g
−σ
0 .
We adopt the definition for (g0, σ) to be irreducible if Definition 4.1
holds, namely,
(N1) there does not exist non-trivial σ-invariant ideals of g0.
On the other hand, the reference [23, p.435] says that (g0, σ) is irre-
ducible if
(N2) the adjoint action of h0 on q0 is irreducible.
We will compare two notions (N1) and (N2) for (g0, σ). First, we
show that (N2) implies (N1) in Section 5.2. Second, we prove that
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the opposite is also true for Riemannian semisimple symmetric pairs
in Section 5.3. Third, we provide a counterexample of the implication
(N1) ⇒ (N2) in Section 5.4.
5.1. Effective semisimple symmetric pair. The studies of (N1)
and (N2) will be carried out under the setting that (g0, σ) is effec-
tive without loss of generality. Here is a brief summary on effective
non-compact semisimple symmetric pairs. For this, we consider a ho-
mogeneous space of a Lie group as follows.
Let G be a Lie group and H a closed subgroup of G. The group
G acts on G/H by the left transformation, namely, g · xH := (gx)H
(g, x ∈ G). Then, the isotropy subgroup GxH = {g ∈ G : g ·xH = xH}
of G at xH ∈ G/H equals xHx−1. We set SH :=
⋂
x∈G xHx
−1. Then,
the G-action on G/H is called effective if SH coincides with {e}.
We observe that SH is a normal subgroup of G and is contained in
H . On the other hand, an arbitrary normal subgroup N of G with
N ⊂ H has to be also contained in SH . Indeed, this follows from
N = xNx−1 ⊂ xHx−1 for any x ∈ G. Hence, the G-action on G/H
to be effective if and only if any normal subgroup of G contained in H
equals {e}.
In this context, the notion of effective non-compact semisimple sym-
metric pairs is a Lie algebra version of the notion of effective Lie group
actions on homogeneous spaces. More precisely, we define:
Definition 5.1. A non-compact semisimple symmetric pair (g0, σ) is
effective if any ideal of g0 contained in h0 equals {0}.
It is without loss of generality for the study on the relation between
(N1) and (N2) that (g0, σ) is assumed to be effective.
5.2. Implication from (N2) to (N1). We begin with a general setup
for the consideration of the implication (N2) ⇒ (N1) as follows. We
denote by B the Killing form of g0. For a subspace l0 of g0, we write
l⊥0 := {X ∈ g0 : B(X, Y ) = 0 (∀Y ∈ l0)} for the orthogonal comple-
ment of l0 in g0 with respect to B.
From now, we assume that l0 is an ideal of g0.
Lemma 5.2. If l0 is an ideal of g0, then [l0, l
⊥
0 ] = {0}.
Proof. We observe B(g0, [l0, l
⊥
0 ]) = {0} because
B(g0, [l0, l
⊥
0 ]) = B([g0, l0], l
⊥
0 ) ⊂ B(l0, l⊥0 ) = {0}.
Since B is non-degenerate, we obtain [l0, l
⊥
0 ] = {0}. 
The orthogonal complement l⊥0 becomes an ideal of g0, and then so
is b0 := l0 ∩ l⊥0 . By Lemma 5.2, we obtain [b0, b0] ⊂ [l0, l⊥0 ] = {0}.
Thus, b0 is an abelian ideal. Let c0 be a complementary subspace to
b0 in g0. For any X ∈ g0 and A ∈ b0, the endomorphism adA adX on
g0 maps b0 into {0} since b0 is an abelian and c0 into b0 since b0 is an
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ideal of g0. Then, we have B(b0, g0) = Tr(ad b0 ad g0) = {0}. Hence,
b0 = l0 ∩ l⊥0 = {0}. Therefore, g0 is decomposed into the direct sum of
l0 and l
⊥
0 , namely, g0 = l0+ l
⊥
0 (see [10, Proposition 6.1 in Chapter II]).
Lemma 5.3. If l0 is σ-invariant, then l
⊥
0 is σ-invariant
Proof. As σ(l0) = l0, we have B(σ(l
⊥
0 ), l0) = B(l
⊥
0 , σ(l0)) = B(l
⊥
0 , l0) =
{0}. Hence, we have verified σ(l⊥0 ) ⊂ l⊥0 . 
Now, let (g0, σ) be an effective non-compact semisimple symmetric
pair for which the condition (N1) does not hold. Then, we have:
Proposition 5.4. Let (g0, σ) be an effective non-compact semisimple
symmetric pair. If there exists a non-trivial σ-invariant ideal l0 of g0,
then q0 ∩ l0 is a non-trivial (ad h0)-invariant subspace of q0.
Proof. Retain the notation as above. Since l0 is σ-invariant, we write
l0 = hl0 + ql0 for the σ-eigenspace decomposition of l0 with hl0 = l
σ
0 =
h0∩l0 and ql0 = l−σ0 = q0∩l0. On the other hand, l⊥0 is also a σ-invariant
ideal of g0 (see Lemma 5.3). Then, l
⊥
0 = hl⊥0 + ql⊥0 is a σ-eigenspace
decomposition of l⊥0 with hl⊥0 = (l
⊥
0 )
σ = h0 ∩ l⊥0 and ql⊥0 = (l⊥0 )−σ =
q0 ∩ l⊥0 . Using them, h0 can be written as h0 = hl0 + hl⊥0 and q0 as
q0 = ql0 + ql⊥0 along the decomposition g0 = l0 + l
⊥
0 .
The subspace ql0 of q0 has to be non-zero. Indeed, if ql0 = {0}, then
the ideal l0 = hl0 is contained in h0. Since (g0, σ) is effective, l0 equals
{0}, which contradicts to l0 6= {0}.
Here, it follows from Lemma 5.2 that [hl⊥0 , ql0] ⊂ [l⊥0 , l0] = {0}. Com-
bining it with the relation [hl0, ql0] = [h0, q0] ∩ l0 ⊂ q0 ∩ l0 = ql0, we
have shown [h0, ql0] = [hl0, ql0] + [hl⊥0 , ql0] ⊂ ql0. Hence, ql0 is a (ad h0)-
invariant subspace of q0. 
Therefore, we get the implication (N2) ⇒ (N1) as a contraposition
to Proposition 5.4.
Theorem 5.5 ((N2) ⇒ (N1)). Let (g0, σ) be an effective non-compact
semisimple symmetric pair. If the h0-action on q0 is irreducible then
there does not exist non-trivial σ-invariant ideals of g0.
5.3. Equivalence of (N1) and (N2) for Riemannian semisim-
ple symmetric pair. In this subsection, we will treat a special case
where (g0, σ) is a Riemannian semisimple symmetric pair, namely, σ is
a Cartan involution θ of g0. Then, we shall replace h0 by k0 = g
θ
0 and
q0 by p0 = g
−θ
0 . From now, let us consider the opposite implication
(N1) ⇒ (N2) for (g0, θ).
Let p1 6= {0} be a (ad k0)-invariant subspace of p0. As θ|p0 = − idp0 ,
p1 is θ-invariant. We write p2 = {Y ∈ p0 : B(Y, Y1) = 0 (∀Y1 ∈ p1)} for
the orthogonal complement of p1 in p0 with respect to B. Since B|p0×p0
is positive definite, p0 is decomposed into the direct sum of p1 and p2,
namely, p0 = p1 + p2 and p1 ∩ p2 = {0}. Further, we have:
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Lemma 5.6. [p1, p2] = {0}.
Proof. We recall that [k0, p1] ⊂ p1 and [p1, p2] ⊂ [p0, p0] ⊂ k0. For
Y1 ∈ p1 and Y2 ∈ p2, we have B(X, [Y1, Y2]) = B([X, Y1], Y2) = 0 for any
X ∈ k0. Since B|k0×k0 is negative definite, we obtain [Y1, Y2] = 0. 
We define a subspace l0 6= {0} of g0 by
l0 := [p1, p1] + p1.(5.1)
Then, l0 is θ-invariant because θ(l0) = [θ(p1), θ(p1)] + θ(p1) = [p1, p1] +
p1 = l0. Now, we show:
Proposition 5.7. l0 = [p1, p1] + p1 is an ideal of g0.
Proof. We write g0 = k0 + p0 for the corresponding Cartan decom-
position. According to the decomposition p0 = p1 + p2, we obtain
g0 = k0 + p1 + p2. Then, it is necessary to show following three rela-
tions:
[k0, l0] ⊂ l0, [p1, l0] ⊂ l0, [p2, l0] = {0}.(5.2)
First, the Jacobi identity shows [k0, [p1, p1]] = [p1, [k0, p1]]. Further,
the relation [k0, p1] ⊂ p1 gives the inclusion [p1, [k0, p1]] ⊂ [p1, p1]. Thus,
we have [k0, l0] = [k0, [p1, p1]] + [k0, p1] ⊂ [p1, p1] + p1 = l0.
Second, as [p1, p1] ⊂ k0 and [k0, p1] ⊂ p1, we have [p1, l0] = [p1, [p1, p1]]+
[p1, p1] ⊂ [p1, k0] + [p1, p1] ⊂ p1 + [p1, p1] = l0.
Third, the Jacobi identity implies that [p2, [p1, p1]] = [p1, [p1, p2]].
By Lemma 5.6, this equals [p1, {0}] = {0}. Thus, we obtain [p2, l0] =
[p2, [p1, p1]] + [p2, p1] = {0}.
Hence, we conclude
[g0, l0] = [k0, l0] + [p1, l0] + [p2, l0] ⊂ l0.
Therefore, we have proved Proposition 5.7. 
Using the θ-invariant ideal l0 given by (5.1), we prove:
Theorem 5.8 ((N1) ⇔ (N2) for Riemannian semisimple symmetric
pair). Let (g0, θ) be a non-compact Riemannian semisimple symmetric
pair. Then, the adjoint k0-action on p0 is irreducible if and only if there
does not exist non-trivial σ-invariant ideals of g0.
Proof. The necessary condition is a direct consequence of Theorem 5.5.
Then, it suffices to show the sufficient condition.
For a (ad k0)-invariant subspace p1 6= {0} in p0, the subspace l0 6= {0}
defined by (5.1) is a θ-invariant ideal of g0 (see Proposition 5.7). If there
does not exist non-trivial σ-invariant ideals of g0, then l0 must to be
g0. Thus, we get [p1, p1] + p1 = k0 + p0. This implies p1 = p0. Hence,
the adjoint k0-action on p0 is irreducible. 
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5.4. The implication (N1)⇒ (N2) for pseudo-Riemannian sym-
metric pair. Finally, we give an example of non-compact pseudo-
Riemannian semisimple symmetric pairs which satisfy (N1) but do not
satisfy (N2).
Example 5.9. Let m,n be positive integers. We take a non-compact
real semisimple Lie algebra g0 as sl(m + n,R) = {X ∈ M(m + n,R) :
trX = 0} and an involution σ on g0 as σ(X) = Im,nXIm,n (X ∈ g0)
where Im,n is defined by (2.8). Then, (g0, σ) is a non-compact pseudo-
Riemannian semisimple symmetric pair, in particular, σ is not a Cartan
involution of g0. Since g0 is simple, (g0, σ) satisfies (N1).
On the other hand, the fixed point set h0 = g
σ
0 is of the form
h0 =
{(
A O
O D
)
:
A ∈M(m,R), D ∈M(n,R),
trA + trD = 0
}
,
which is s(gl(m,R) + gl(n,R)), and the fixed point set q0 = g
−σ
0 is
q0 =
{(
O X
Y O
)
: X ∈M(m,n ;R), Y ∈M(n,m ;R)
}
.
Here, we take two subspaces q1, q2 of q0 as
q1 =
{(
O X
O O
)
: X ∈M(m,n ;R)
}
,
q2 =
{(
O O
Y O
)
: Y ∈M(n,m ;R)
}
.
Then, they are (ad h0)-invariant, and then q0 is decomposed into two
(ad h0)-invariant subspaces as q0 = q1+q2. Hence, the adjoint h0-action
on q0 is not irreducible, from which (N2) does not hold.
As mentioned in Section 4.1, any non-compact semisimple symmetric
pair (g0, σ) can be decomposed into the direct sum
(g0, σ) = (l
(1)
0 , σ1)⊕ · · · ⊕ (l(k)0 , σk)
of non-compact semisimple symmetric pairs (l
(1)
0 , σ1), . . . , (l
(k)
0 , σk) which
satisfy (N1). On the other hand, even though the adjoint h0-action
on q0 is not irreducible, (g0, σ) does not always have a non-trivial
σ-invariant ideal (see Example 5.9). In this context, Definition 4.1
(that is, (N1)) would be appropriate to a definition for a non-compact
semisimple symmetric pair to be irreducible.
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